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Abstract

The spectrally-hyperviscous Navier—Stokes equations (SHNSE) represent a subgrid-
scale model of turbulence for which previous studies were limited to periodic-box
domains. Then in Avrin (The 3-D spectrally-hyperviscous Navier—Stokes equations
on bounded domains with zero boundary conditions. arXiv:1908.11005) the SHNSE
was adapted to general bounded domains with zero boundary conditions. Here we
extend to this new setting the convergence and dynamical-system results in Avrin (J
Dyn Differ Equ 20(2):479-518, 2008) and Avrin and Xiao (J Differ Equ247(10):2778-
2798, 2009), obtaining clear and straightforward Galerkin-convergence estimates,
and in the case of decaying turbulence new convergence results featuring asymp-
totic decay rates in time. In extending the attractor-dimension results in Avrin (2008)
our new degrees-of-freedom estimates stay strictly within the Landau—Lifschitz esti-
mates (Landau and Lifshitz in Fluid mechanics, Addison-Wesley, Reading, 1959) for
most computationally-relevant parameter values and exhibit a reduction in the number
of degrees of freedom in calculations. The foundational properties of our bounded-
domain setting also allow us to adapt the quadratic-form machinery of Temam (in:
Brézis, Lions (eds) Nonlinear partial differential equations and their applications, Pit-
man, Boston, 1985; Browder (ed) Nonlinear functional analysis and its applications,
American Mathematical Society, Providence, 1986) to carry over the main inertial-
manifold results of Avrin (2008).
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J. Avrin

1 Introduction

The spectrally-hyperviscous Navier—Stokes equations (SHNSE) introduce terms
nAyu that apply hyperviscosity concentrated on the high frequencies to the NSE
of viscous incompressible homogeneous flow:

u + pApu —vAu+ u-Viyu+Vp =g,

V.u=0. (-1

Here u = (uy, uy, u3) is the fluid velocity, g = (g1, g2, g3) is the external force, and
p is the pressure, with u; = u(x,t), gi = gi(x,1),i = 1,2,3,and p = p(x,1)
where x € , a domain in R3. As previously studied on periodic boxes the system
(1.1) becomes the hyperviscous NSE if A, = B% = (—A)* for integers o > 2, and if
Pé,- is the projection onto the jth eigenspace EJ’ of B, then for P, = E\® --- @ E,,
and Q;n =1 — P,;l, the basic assumption on the operators A, as in [2,6,7] to obtain
the SHNSE is that A, > Q;n B“ in the sense of quadratic forms, i.e., fQ vAgudx >
Jo vQ;, B¥v dx for all smooth v.

The SHNSE system (1.1) is a subgrid-scale model of turbulence, adding to the NSE
an extra dissipative term (e.g. an approximation to the subgrid-scale tensor) to simulate
the dynamic effect of frequency scales too small to be resolved in computations. With
its roots in spectral-eddy viscosity as first developed in [37] (also see, e.g. [11,14,
32]), spectral hyperviscosity in application to the NSE was discussed in [11,32] and
advocated in [26,27]. The resulting SHNSE system, studied theoretically in [2,6,7,26,
27] on periodic-box domains, combines the subgrid-scale modeling and regularity of
the hyperviscous NSE (see, e.g. [1,8—10,14,33]) with the spectral accuracy philosophy
of spectral vanishing viscosity (see, e.g. [32,34,44,46,47]). See, e.g. [7,11,27] for more
discussion and references for the SHNSE and related models.

The hyperviscous NSE and SHNSE systems had not received effective treatment
on realistic domains until the results of [5]. Adaptation to the general bounded domain
case with zero (no-slip) boundary conditions requires solving several technical issues.
Additional boundary conditions need to be specified for the higher-order operators
B% = (—A)“ to be well-posed, but the extra conditions must not overdetermine the
NSE system and must stay consistent with its physics. As discussed in [5] for example,
when « = 2 standard choices suchasu = Au = 0on T = 9Q,oru = du/on = 0
on I' (as discussed in [41]) are mathematically well-defined but are either entirely
unphysical or at best have extremely limited applicability.

All of these and related issues are resolved in [5]. Let P be the Leray projection onto
the divergence-free vectors and let A = — P A be the Stokes operator. Let 0 < A1 <
Ay < --- represent the eigenvalues of A with corresponding eigenspaces Eq, E3, ...
and projections Fg;. Let P, be the projection onto E1@® --- @ Ey, and let O, =
I — P,. We apply P to both sides of the first equation in (1.1) and replace A, with
operators A, satisfying A, > Q,, A% This general assumption is sufficient for most
of our results, but to simplify technical details in Sect. 2 we will assume the explicit
computational form A, = 371, 1 dj(A;)* Pg; + QmA* where for 0 < mo < m
the {dj};”:mo 41 are such that 0 < d; 1 1. Note in any case that all eigenspaces Ej for
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Asymptotic Galerkin convergence and dynamical system results...

k > m are under the full hyperviscous influence of the operator A%. We then have
as justified and developed in [5] the following formulation of the SHNSE for general
bounded domains:

d
Eu—l—uA(pu—i—vAu—i—P(wV)u:f,

u(x,0) = ug(x).

(1.2)

If P, is the projection onto E1® - - - @ E,,, then for f,, = P, f the Galerkin approxi-
mations to (1.2) are

d
E up + MAq)un + Py Pun-V)uy, = fu,

up(x,0) = Pyug(x) = uy0(x).

(1.3)

We review for completeness the derivation of (1.2) in Sect. 6, and in particular we
derive and apply the identity A%u = P(—A)% We now extend to (1.2) the qualitative
theory developed for (1.1) in [2,3,6].

First we extend the Galerkin-convergence results of [6]. For L = sup; >0 £ (®l2
we will use the standard a priori estimate

L 2
()13 < lluoll3 + (—) =U; (1.4)
VA

which we derive for completeness in Sect. 2. Here ||v]||; = ( fQ V-V dx) 2 Where the
components of the vector v in R? are in L2(£2), the set of measurable square-integrable
functions. We recall that m is the spectral cutoff such that A, > Q,, A% as discussed
prior to (1.2), and for Galerkin approximates defined by (1.3) we assume thatn > m to
insure that eigenspaces E; for m < j < n are under the full hyperviscous influence of
A,. This is not a severe restriction since we are interested in the behavior of solutions
of (1.3)as n — oo.

Theorem 1.1 Let u and u,, be solutions of (1.2) and (1.3), let Uy, be as in (1.4) and
suppose thatm < k < nand 0 < t < T. Assuming that k is large enough so that
(8/M)K1UI% < (M/Z))\ifl where K is a generic constant, we have for w = u — u,
and F, = [ — fu,

[4"2 0]} < 42 Q@ ;e

t 2 (1.5)
+/ (Co P,<A1/2u)||2 + Co () e H1079) g
0

and
2 T 2
| A2 Pawo]; < [||A‘/2wo||%+/ Cn(u)ds}e“l”ﬂ/“ (1.6)
0
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J. Avrin

for a constant Cy and a function C,,(u). We have from (1.5), (1.6) that | AY?(u(t) —
un(t))||% — O uniformly on [0, T] as n — oo.

Specifically, Co = (8/w)K1U} and C(u) = H|QuA™ 2P -Vyul3 + LI Ful3.
Proving Theorem 1.1 we will show that || A~'/2 P (u - V) u||5 is uniformly bounded on
[0, T'], hence from (1.6) and the dominated convergence theorem, || AV2p, w(t)|, —
0 uniformly, which in turn implies that | A!/ 20:w()]2 — 0 uniformly by (1.5).

Theorem 1.1 shows that for large enough & the convergence of the high-frequency
Galerkin modes depends linearly on the convergence of the low-frequency modes and
on known or estimatable parameters. The estimates (1.5) and (1.6) are much more
direct than those in [6] and no longer require a complex series of nested integral
formulas.

The case of decaying turbulence is defined as in [3,6] by the condition

f € L2([0, 00); H). (1.7)
Assuming (1.7) we obtain the next result, which shows that solutions of (1.2) can be

approximated uniformly in time with finite-dimensional Galerkin solutions.

Theorem 1.2 Under the conditions of Theorem 1.1 assume also that (1.7) holds, then
||A1/2Pkw(t)||§ is integrable on (0, co) and for Coy and Cy, as in Theorem 1.1 we have
forallt > 0,

0o 12, —
” P A 2w(r) ”; < |:||A1/2w0||% +/ Cp(u) ds:| £2CoU0% "1y v (1.8)
0

where Uy = |luo|l3 + %Mfownfngds. Thus from (1.5) we have that ||AY/? Qrw(1)|[3
is also integrable on (0, 0o0) and hence ||A1/2(u(t) — un(t))llg — 0 uniformly for all
t>0asn — oo

We now add a new asymptotic convergence result assuming (1.7) which estimates the
decay in time to zero of ||A1/2(u(t) —un(1))]l2 as well as its convergence to zero in n.

Theorem 1.3 Let f satisfy (1.7), let u be the solution of (1.2), and let {u,} be the
solutions of (1.3). Then for w = u — u,, and F,, and C,, as in Theorem 1.1 there exists
foralln aty > 0 such that forallt > ty > 1,

t
|AY2w(n]; < UAI/Zw(rO)Hie—<”/ml<f—’°>+/ Co(u) e~ VD=9 go - (1.9)
10

We will in particular show that

5/2
K3U3 sup u(o)]ly

121

t
/ Cn(u)ef(v/z))"(tfs)ds <
10 MV

forallt > 1y where U, is abound on || Au(t) ||2 (see (2.31) below). The right-hand side

7

decays faster than the convergence of ||u(¢)]|5 to zero as #) — oo and thus (1.9) gives
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Asymptotic Galerkin convergence and dynamical system results...

a decay for IAY2u(t) ||, that is faster than can be obtained from the known decay of
llu(t)]]2 and interpolation. Theorem 1.3 adapts techniques used to develop asymptotic
stability results in [3]. These we extend to (1.2) in the following, which establishes
Lyapunov stability and exponential asymptotic stability for solutions of (1.2).

Theorem 1.4 Let f satisfy (1.7), let u and v be two solutions of (1.2) with fixed forcing
data f and initial data uy and vo. Then there exists a t1 > 0 such that for all t > t1,

| A2ty = v@)|3 < lluttn) — v e /2R, (1.10)

and given € > 0 there exists a A > 0 such that if ||AY?(ug — vo)|l2 < A, we have
|AY2(u(t) — v(t)|2 < € forallt € [0, 1].

To establish Theorem 1.4 the techniques of [3] need modification to handle the case
of positive mq, where we recall that in (1.2), A, = Z;-":moﬂ dj(2j)* Pg; + Om A%,
additional modifications give improved estimates on the size of #1.

The proofs of Theorems 1.1, 1.2, and 1.3 use techniques similar to those used in
the proofs of determining-mode results, which we now exhibit for (1.2).

Theorem 1.5 Let u and v be two solutions of (1.2) with initial data uy and forcing data
f and g, respectively. Suppose that k > m is such that (6/u) K1 UI% < (u/2) Aifl.
Then the first k modes are determining modes for (1.2) in the sense that for eachty > 0

we have

1AY2 Qp(u — v)(1)13
< NAY2Qu(u — v) (1) |5 e~ Her1(—10) (1.11)

(6 3/2 4 _ _
+/ (; K1 Uz)”k/ | P (e — v)(s)||% + ; | f(s) — g(s)||%> e VMH1=8) g
0]

Determining-mode results for the 2-D NSE (see, e.g. [17,21,22,29-31,45] and the
references therein) highlight the largely finite-dimensional character of solutions,
showing that the lower frequencies control the behaviour of the high frequencies
in the sense that if || Pr(u — v)(s)|l2 — O and || f(s) — g(s)|l2 = 0 as s — oo then
||A1/2Qk(u —v)(s)|l2 = 0ass — oo. This is shown for solutions of (1.2) in (1.11)
by choosing 7y large enough on the right-hand side.

We now discuss attractor results for (1.2), and assume in standard fashion that f is
time-independent. The identity A%u = P(—A)? discussed above and in Sect. 6 will
allow the basic set-up in [2] to be adapted for (1.2). This will build on some of the
elements of the “CFT” framework [15,16,18,48,50] and on the methodology based
on the generalized Lieb—Thirring inequalities developed in [48—50]. Related attractor
results can be found in [12,13]. In our discussion 0 < A; < Ay < --- will always
represent the eigenvalues of A.

Kolmogorov’s mean rate of dissipation of energy in turbulent flow (see [35], and
e.g. [22,50] for further discussion) is defined as

1 T
€= )»?/zvlim sup?f IAY2u|3 ds = )\?/ZUET. (1.12)
0

T—o00
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J. Avrin

The Kolmogorov length scale is . = (v3/€)!/4, and 1/I, is an asymptotic estimate of
the size of the inertial range consisting of the dynamically-active modes; in cases of
interest we expect this to be large. E7 is the time-averaged total enstrophy, and as in
[2] (also see, e.g. [22,50]) we set lp = Al_l/ 2 to represent characteristic macroscopic
length. Let dimy A and dimfg A denote the Hausdorff and fractal dimensions of the
attractor A for the system (1.2). The Landau—Lifschitz estimates [39] propose the
upper bound dimy A < dimp A < [l /le]3 on the number of degrees of freedom
in turbulent flow; these estimates will serve as a benchmark for our new attractor
estimates.

Theorem 1.6 For a constant y, = y,(a) on the order of unity we have for the case
A >/,

A 3(a—1)/Qa) lO 3/a
dimy A < dimp A < ya(k—”’> [1—} (1.13)
1 €

and for the complementary case A%‘l < v/ we have for a similar constant K,

0 \3/ Q) o 3/a
dimy A < dimp A < Ky (-) |Q|(°‘l)/°‘[l—] , (1.14)
123 €

where |R2| is the size of the domain Q.

The power 3/« on ly/le was also derived in [51] for the hyperviscous NSE witha = 2
on periodic domains. Here modifications are needed to handle positive m and mg along
with adjustments for the bounded-domain setting. The choice of whether to use (1.13)
or (1.14) depends on the size of the coefficient u according to the prescriptions in [26],
and this in turn largely depends on the choice of « as discussed in the conclusion. Note
the estimate (1.13) only depends on m, and since A, ~ caim?/3 (see, e.g. [22,50])
where ¢ depends on the shape but not the size of €2, thus the estimate (1.13) is scale-
invariant.

We will compare the results of Theorem 1.6 with the attractor estimates found
in [2] in the concluding section. The NS-o model is another SGS model for which
there are attractor estimates available [20], and these will also be compared in the
conclusion with the estimates in Theorem 1.6. The NS-«a model is also referred to as
the Camassa—Holm or LANS-« model; see, e.g. [19,20,28,36,43,52] for an overview
and references.

For @« = 2 we have by the remarks in the conclusion that v/u < 1 according to
the prescriptions in [26]. The criterion Agl—l > v/u for (1.13) is thus clearly satisfied,
and to compare with the Landau-Lifschitz estimates we set A, /A1 < (lo/lc)? for
p € [1, 2]. Substituting into (1.13) we obtain

ZO:|3p(otl)+6/(2a)

dimy A < dimp A < ya|:—

- (1.15)

Given presently computational values of m, it is safe to assume the upper bound
Am < 1/1c. Accordingly we set p = 1 and (1.15) becomes dimy A < dimp A <
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Asymptotic Galerkin convergence and dynamical system results...

Yallo/118%H3/ 20 wwhich for @ = 2 is dimy A < dimp A < yullo/l1%/% Since y,
is on the order of unity it is safe to expect that y, < [lo/lc]'/% from which we obtain
that dimy A < dimp A < [lp /l€]5/ 2 This estimate is not only within but definitely
less than the Landau-Lifschitz estimates. We thus have direct evidence of the potential
of (1.2) to reduce the number of degrees of freedom needed for calculations.

Ifwesetm = moand (A, /A1) < (lo/l¢)3/? thenfrom (1.15)and p = 3/2 we obtain
the estimatedimy A < dimp A < ya[lo/lg]ﬂ/g. Again assuming that y, < [10/15]1/4,
we have dimy A < dimp A < [lo/Ic]*/8, which is slightly less than the Landau—
Lifschitz estimates. Here m is well beyond the limits of present-day computations; of
theoretical interest is that we stay within the Landau—Lifschitz estimates even though
current computational techniques cannot resolve the difference between the NSE and
SHNSE systems.

For o = 8 our discussion in the conclusion shows that (1.14) is satisfied according
to the prescriptions in [26]. We estimate E7 in (1.12) as in [2] through the standard
energy inequality (see (2.6) below), from which it follows in standard fashion for
L =fll2 that

L2

Er < ——.
T\\)z)\.l

(1.16)

We rewrite the right-hand side of (1.14) as (K> (v/w)|QI2@=0/3)CO g0 /1 13/
= (wa)¥ @ [1y/1.13/* and set wa < (lp/l¢)P; to be within the Landau—Lifschitz
estimates we need 3p/(2a) + 3/ = 3 or p = 14 in the case « = 8. By the definitions
of lp/lc and E7 and assuming that (1.16) is a reasonable estimate for E7 we obtain
ke /w13 < LV2/(33B01/2). Applying the relationship 1/A; ~ |Q[2/3
(see, e.g. [22,50]) and collecting terms we have

(Ks|QI"HE < L. (1.17)
Since Kg is on the order of unity the term (Kg|$2|'/?)7 is roughly balanced off by the
term L’. Thus we stay within the Landau—Lifschitz estimates provided that v® ~ .
For v = 107° this is met provided that i ~ 107*8 which will clearly satisfy the
parameter ranges appropriate for this case as discussed in the conclusion.

We now extend results of [2] to show that the system (1.2) possesses an inertial
manifold in the case A, = Q,, A% . We recall the following definition from [23,24];
also see [50]:

Definition 1.7 An inertial manifold M for (1.2) is a finite-dimensional manifold sat-
isfying:

(1) M is Lipschitz.

(i) M is positively invariant for the semigroup, i.e., S(t) M C M for all ¢ > 0.
(iii) M attracts exponentially all the orbits of (1.2).
Here S(7) is the mapping S(#)ug = u(t) for each ug € H. We have that S is well-
defined for (1.2) for all + > 0 by the global-existence results of Sect. 2. We will
use the identity A%u = P(—A)? to adapt the arguments in [2], and exploit a unique
spectral-gap property similar to that used in [2] to establish the following result.
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Theorem 1.8 Let A, satisfy Pp Ay = 0 and QnAy = QmA* with a > 2. Then for
m large enough the system (1.2) has an inertial manifold M of dimension m.

We have as in [2] that M is a graph over P, H. For large enough m this says that
trajectories on M are controlled by finite-dimensional NSE dynamics. We note that
an inertial manifold for a model related to the NS-oo model was established in [36].
At the end of Sect. 5 we will compare estimates on the size of the inertial manifold in
the case o = 5/2 with the estimates in Theorem 1.5.

In Sect. 2 we will establish preliminary results, including the absorbing-set estimates
needed to assert the existence of an attractor for (1.2), and sketch the proof of Theorem
1.8. Theorems 1.1, 1.2, and 1.5 will be proven in Sect. 3, and Theorems 1.3 and 1.4
will be proven in Sect. 4. We will prove Theorem 1.6 in Sect. 5 and make concluding
remarks in Sect. 7.

2 Preliminaries

We define the standard Sobolev spaces W™ 7 (2) as follows: for integers p; let D;“ =
9%/0x1', i = 1,2,3, and let D4 = D' DI*D? where ¢ = q1 + ¢> + g3. Then
WmP(Q) for 1 < p < oo is the set of all v € LP(£2) such that the distributional
derivatives D9v exist and satisfy DYv € LP(2) for all ¢ with 0 < ¢ < m, and
the norm on W7 () can be expressed as |||, p = (Zogqgm Ja |qu|1’dx)1/p.
When p = 2 we use the standard notation W"2(Q) = H™ (). If D(B?/?) denotes
the domain of B/ where the operator B = —A is equipped with zero boundary
conditions on I' = 9% then we have the standard embedding D(B?/?) c H?(Q)
(see, e.g. [25]) and thus we can express the Sobolev inequalities on €2 in terms of the
operator B = —A, equipped with zero boundary conditions on I = 9€2,

lully < MilIB™ v~ 1B™?u§ (2.1)

where g < 6/(3 — 2[(1 — 0)m + Omy]) and M = M(0, g, m1, ma, 2). By [25,
Proposition 1.4], D(A?) is continuously embedded into H N H 2r(Q) for any y >0,
and thus we have for a constant My = My (0, p, g, ) and for ¢ as above that for all
v e D(AY?),

lvllg < MilIB™ 20l ~ 1B 0]l < MollA™ 2], |A™2]l5. (2.2)

For the semigroup exp (—tA) we have the decay estimate
le™ A vll2 < flufle™" 2.3)
Like the standard NSE, (1.2) and (1.3) satisfy energy inequalities, which we derive as

follows: let v = u or v = u,, then taking the inner product of both sides of (1.6) or
(1.7) with v we have

||v||2+v||A1/2v||2+M||A vl = (f,v) (2.4)

N —
&.lg_‘
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Asymptotic Galerkin convergence and dynamical system results...

where we recall that since V-v = 0, (P(v-V)v,v) = —((V-v)v,v) = 0, and
where in the case of v = u, we have (P, P(u,,-V)u,, u,) = (P(u,-V)u,, Pyu,) =
(P(up-V)uy, uy) = 0. We have also assumed that A, is as in the remarks preceding
(1.2) with (Ayv, v) = (A, v) for suitably smooth vectors v.

From our assumptions on A, it also follows straightforwardly that for nonnegative
0 we have (Ayv, A%) > (0, AP0, v) and by Poincaré’s inequality we have in turn
(Om A%, v) > 1%72(Q,, A**9v, v). Given that m is of reasonably significant size
and « is an integer w1th o > 2, itis safe to assume that A%~ ~2 > 1. Hence we have for
nonnegative 0, (Ayv, A%) > (QmA2+9 v, v) so for what follows we can without loss
of generality assume that A, = QA2 Accordingly applying the Cauchy—Schwartz
and Young inequalities in standard fashion to (f, v) in (2.4) and multiplying by 2 we
have our basic energy inequality

d 1
— I3 + vIIAY2v )13 + 26l @m AVl < — I £1I3 2.5)
dt VAL

where we note that by Poincaré’s inequality || A~1/2 f ||, < Al_l/z Il £ 1l2; note that (2.5)
reduces to the standard NSE energy inequality when p = 0. Integrating both sides of
(2.5) we have for vg = v(x, 0),

T T T
1
||v||%+v/ ||A”2v||%ds+2u/ ||Av||%ds<||uo||%+—/ If13ds. (2.6)
0 0 A1 Jo
In the case that (1.7) holds we have from (2.6),
2 o 1/2 2 o 2 2 1 o 2
||v||2+vfO ||A/v||2ds+2uf0 ||Av||2dS<||Mo||z+m/0 IfBds @)

holds for all #+ > 0. Meanwhile, discarding the term 2u| Q,, Av|| in (2.5) and again
using Poincaré’s inequality we obtain

—||v||2+vk1||v||2 — ||f||2 (2.8)

so that with L defined as above by L = sup, || f(#) |2 we have

d , L?
E||U||2+V)\1||U||2 < m 2.9)
Solving the differential inequality (2.9) we have
t L2
()5 < voll3 e +/ (—) e VM=) gy (2.10)
0 \ VA

@ Springer



J. Avrin

or, since L2/(vA1) is a constant and [vg |2 < |luoll2,

_ L\’
I < luolBe ™ + (E) @11

Thus, we have the standard a priori estimate

2 2 L : 2
()5 < lluolls + V_)»l =U;. (2.12)

Next we bootstrap (2.12) to obtain an H'-bound, from which global regularity is
readily obtained by standard methods. We will then bootstrap our H'-bound to obtain
an H?-bound. Both of these bounds will be used to show the existence of a global
attractor. Standard methods can be used to obtain these bounds, so readers not needing
to see the estimates are invited to skip below past (2.34) for the proof of Theorem 1.8.
At the same time, the proofs are slightly non-standard and are our first example of
techniques using spectral decomposition that are related to the central arguments used
in establishing determining-mode results. We first focus on v = u,; taking the inner
product of both sides of (1.3) with Q; Au,, form < k < n we have

1 d 2 2
2 dr ”Al/2 Qptn “2 + '“” QkAS/Z”n ”2
+ 0] QrAun |3 + (PuP(tn- VYitn, QxAun) = (f, QkAuty)

(2.13)

where we note that (v, QxAu,) = (Qxv, QkAu,) = (AV201v, QKA ?u,) =
(A2 Qpv, A2 Qpuy) for any v € D(A'/?).
Now by the Cauchy—Schwartz and Young inequalities

v 1
|(fr QAun)| < 5 1Ok Aun i3 + o I £113 (2.14)

where we also use the fact that || P,v||2 < ||v|2 for any v € H. Since powers of A
commute with each of the P,, we have

(P”P(un “V)un, QkAun) = (PnA_l/ZP(Mn -Vu,, QkA3/2un)
so by the Cauchy—Schwartz and Young inequalities

|(PuP (V) tn, QxAuy)|

| 2 M 2 (2.15)
<3 [ATY2P - Dy uny + 5 [ QuAY 20 -
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Combining (2.14) and (2.15) with (2.13) and multiplying by 2 we have

d

7 1A 0|5+ ) A u 5 + v ] Qe Aua

1 i , 1 , (2.16)
g;”A P(unv)un||2+;”f”2

Now A~Y2P(u,-V)u, = A~'2 Pdiv(u, ® u,) for the appropriate tensor product ®
while A~Y2Pdiv = Ty, is a bounded operator on H (see, e.g. [25, Lemma 1.3]); thus
using (2.2) there is a constant M| such that for appropriately smooth vectors v and w,

”A—l/ZP(U_V)w”; <l v wll3 17)
<

21012 o 112 20002 1 A3/4, 12
ITlI3 015 w2, < Ml Tol3 vl3 1AY 4 w]3.

Now, [|A¥*u, |13 = | PcA>*u, |3 + || QA3 *u, |13; combining this with (2.16) and
(2.17) with v = w = u,, setting K1 = M || Tb||§, and using Poincaré’s inequality on
the left-hand side of (2.16) we have

d
o 1472 0w + w3 QeA™ [+ viss | Qid P

(2.18)
1 1

< Kl (| PeA™ [+ | Q6™ [5) + S 1715

Meanwhile || Py A3/, 12 = [|A3/* Peun |12 < 2221 Pewn |2 < 23| |15 combining
this with (2.12) and (2.18) we have

d
1A 0| + gl QA a5 + v | QA Pua

(2.19)

1 s 1 ap 1
< m K1U2 | QeA™ u, || + m Ki0PU} + - L2

Now choose k (and hence n) large enough so that K U% /n < (M/Z)Azfl, then
3/2

subtracting from both sides of (2.19) and neglecting the term (11/2) ;' | Qx A>/*u, 13

on the left-hand side we have

d 2,V 2 1 1
A2 0uun; + 5 kit | A2 Quan | < . Ki*U7 + = L% (2.20)

Integrating both sides of (2.20) we obtain for d = v/2,

| 4" Q|

< A2 Qkun o H; e hirt

T
1 1
+ / (- Ki2PUE + - L2> e Ahir1 (=5 g
o \u v

2.21)
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from which we obtain similarly to getting (2.12) from (2.10),
12 12, 1 1 3/2 1
|42 Quun (D5 < |4 w03 + ——— (=~ Ui +-L%)  22)
dhit1 ,u

where we have used the fact that ||A1/2Qku,, 0||2 I QkPnAl/zuon 1A 23
But |AY2Puun|3 < Ml Peunl3 < Millunlls < MUZ so, since ||A‘/2un||% =
A2 Peuy |5 + |AY? Qgun |13, we have, combining with (2.22),

[ 4" 2un (o)

11 1 2.23

< U2+ | AV 2 + rm (M KUt + . L2> = Ul (229
+

We thus obtain a uniform bound on ||A'/?u,,(¢) ||, for k large enough and n > k. The
restriction on n which requires that n > m is not severe as outlined in the remarks
preceding Theorem 1.1. Replacing u, by u and using similar (and in fact slightly
simpler) arguments we obtain

| A 2u(o)|;

1 (2.24)

1 1
<MUZ + | AV 2uo))? + T ( KingPUE + = L2) = U}
+

With (2.23) and (2.24) and using (2.2) we obtain global H !-bounds for (1.2) and (1.3).
Refining our arguments further using (2.11) and (2.21) we have for v = u or v = u,,,

| A0

< elluol3 €™M 4 AV g [

L\ 1 1 32 1,
—i—)»k( ) + (— U? + L
VAL dhjr1 \ 1 L

Next we take the inner product of both sides of (1.3) with Qi A2u, form <k <n
then we have similarly to the derivation of (2.13) that

(2.25)

1d
- — ||AQkun||§ + wll QkA%u, |13

+ vn Ok Ay + (PuP(un - V) tt, QxA2un) = (f, QxA%uy)

(2.26)

from which we obtain similarly to (2.16) using calculations similar to (2.14) and
(2.15),

d 2

T 1AQuunll3 + 1l QeA%un 3 + 2v ]| QA Pun

) . 2 ) (2.27)

< Sl Vyuals + = 1£13
M M
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where we have used the fact that P and P, are projections. We have from (2.2) that there
exists a constant My that ||(uy- V) unll3 < lunll3lVutnl3 < Mol Auy 314"y 5
while [|Auy |3 = | PcAun |13 + 1| Qk Aun 13 < A7 llun 13 + 1| Qk Auy |13; combining this
with (2.12), (2.23) and (2.27), neglecting the term 1| Ok Au, ||% on the left-hand side,
and using Poincaré’s inequality again we have

d
- I A Qgttn |13 + 20Apr11|AQxttn |13
5 5 5 (2.28)
2772 2 2
< 2 MMUEUL + 2 Mal| QuAunl3 U + — I£113.

Now choose k (and hence n) large enough so that (2/u) MU < vk is satisfied as
well, then subtracting from both sides of (2.28) we obtain

d 2 22 272 2
77 14 Qkunlly + Vi1 AQuunlly < m My UpUr + m L (2.29)

from which, proceeding as in the development of (2.21) and (2.22), we have

1 (2 5, 2,
—— (=M 20U 4+ = L) (230)
I 1

2 2 v
IAQrun ()3 < [ Auglly e+ +
VAk+1

and then proceeding as in (2.25) we obtain for v = u or v = uy,

Il Av(t)[13

<ogluoll3 e + [[Augl|3 e 44+

2
+A§<i> - <% M) 3UFU + ELz)
VAL VAk+1 \ 4 "

2.31)

From (2.11), (2.25), and (2.31) we obtain absorbing-ball behavior of (1.2) and (1.3);
in particular we have

. Ly
lim sup [[v(1)]|3 < <—) = po, (2.32)
t—00 VA

lim sup||A1/2v(t) ||§
11— 00

2 (2.33)
() - (Lgpdrz g Lo =0
S VA1 drg+1 \ Ve TLT -

@ Springer



J. Avrin

and

. 2 2o L : 1 2 2772 2 5
limsup [Av(®)|l; < Al — ) + — MoAUpUr+ — L) = pa. (2.34)
100 VA VAr+1 \ M 1

We thus have from (2.32)—(2.34) that the balls of radius p; about zero are absorbing
setsin D(A//2) equipped with the norms lA7/2v(1)|l2, j = 0, 1, 2. From (2.2) without
loss of generality we can take the spaces D(A7//?) defined with these norms as our
Sobolev spaces of order 0, 1, 2, respectively. As in, e.g. [2] we thus have a globally
regular solution for (1.2) that has a compact attractor of finite Hausdorff and fractal
dimension.

For the proof of Theorem 1.8 we will as was done in [2] use [50, Theorem VIII.3.2],
and as in [2] we refer to this result as Theorem GFST; it generalizes the conditions of
the main theorems of [23,24] and applies to systems of the form

du
E—i—A]u—i—R(u):f, (235
u(0) = ug

for a linear operator A| with dense domain in a Hilbert space H, and R a bounded map

from D(A‘? ) into D(Af Y for B, y non-negative constants to be determined below.
Theorem GFST requires the following conditions:

(1) For every up € D(A[f), (2.35) has a unique solution u € C(R™; D(Af)) N
L2((0, T)); D(A’IS—H/) and the mapping S(¢): ugp — u(t) is continuous from
D(A’i3 ) into itself.

(2) S(t) possesses an absorbing set By in D(A’ls) which is positively invariant, i.e.,
S(t)Bog C By for all t > 0, and the w-limit set of B, denoted A, is the maximal
attractor for S(-) in D(A’ig).

(3) Forsome > 0 and y > 0 as in (5) below,

[ AT RG) = AT RO, < Cu| AT = v, (2:36)

forall u, v € D(AP), [ APull, < M, |APv], < M.

(4) There exists a p > 0 such that the ball of radius p/2 centered at 0 in D(Af ) is
absorbing for (1.6).

(5) Let {A}V} be the eigenvalues of Ay, then there exists a function K, = K, (N)
such that for N > my,

Mt = A = Kug (N ()7 + (0)7) (2.37)

where K, (N) — oo as N — oo.

To see that the system (1.2) meets the conditions (1)—(5) required of (2.35), we note
that (1) follows from (2.24) (or Theorem 1.1) and standard arguments, while (2) and
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(4) follow from (2.32)—(2.34). For (3) and (5) we fit (1.2) into the format of (2.35)
by setting Ay = vA + Ay as in [2] only now A is the Stokes operator and A,
is as in (1.2), and we as in [2] take y = 1/2 and B > 5/(4a) — 1/2 in the case
3/2 < o < 5/2, while for @ > 5/2 we take § = 0. Taking R(u) = P(u-V)u we
have that (2.36) follows using (2.2) and arguments similar to those above used for the
proof of Theorem 1.2 to handle the Leray projection P. Meanwhile, for (2.37) we take
advantage as in [2] of a unique spectral-gap property inherent in the assumption that
A, satisfies P,Ap =0and Q,,Ayp > 0, A%; we take N = m and note as in [2] that
)‘m+1 = puhy, . so that

I = Ay = (O D)2 = O 2) (G D2+ 0'?)

2.38
> (0" = ) (G 4 03

As noted, e.g. in [22, Section I1.6], the eigenvalues of the Stokes operator have qual-
itatively the same asymptotic growth behavior as the eigenvalues of B = —A;
in particular there is a constant ¢ such that 1, ~ c\ 1n%3 and we have as in
[2, Section 4] that w7282 — v1/22 > (1/2) ' (ch)*2m®/3 provided that
m@ D3 > 2(cx)=@D/2(v/u)1/2. The latter inequality is satisfied by choosing n
large enough (and hence m since m > mg). Then by the preceding remarks (2.38) is
satisfied and hence (5) follows; this completes our discussion of the proof of Theorem
1.8.

3 Proof of Theorems 1.1, 1.2, and 1.5

We first prove Theorem 1.1. Let w = u — u, then subtracting (1.3) from (1.2) we
obtain the following equations for w:

w; + VAW +[,LA(/;U_) + PuPup-VYw+ P P(w-Vyu=F, + 0, P(u-Viu (3.1)
where F,, = f — f,. As in the remarks preceding (2.5) without loss of generality we
can also assume that A, = QA% Taking the inner product of both sides of (3.1)

with Qr Aw for m < k < n and proceeding similarly to the development of (2.16) we
obtain

d
A guw] + ul e wlf; +viQeaw|;
4 4
< ; ||A_1/2P(un~V)w||§ + — HA_I/ZP(w 'V)uHi (3.2)

- ||Q A~ 1/2P(u V)u||2 |F 113,

We have, using (2.12), (2.17), and remarks following (2.17), | A=1/2 P (u,, - V)w |3 <
Killua 31434 w3 < K1UF | A¥*w|3and [|A7'2 P (w - V) u |3 < Killul3] A 4w]i3
< K U}||A3*w|)3. Combining this with (2.2) and Poincaré’s inequality applied to
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the left-hand side of (3.2), together with [|A34w |3 = || PcAY 4 w3 + | Qx A3 4w]|3
we have from (3.2),

d
7 1A 0l + wag G QeAY ]y + vais | Qe Pwf;

8
< S KU Pl + [ eua¥ ul) 63

4 4
+ o [0nA™ PG Vyuly + TIES.

We choose k large enough so that (8/u) K U% < (,u/2))»2/+2] , then subtracting from
both sides of (3.3) and using that ||PkA3/4w||% < )\,i/2||PkA1/2w||§ we have

d
SN A2 0]+ 52 | QA [+ vrac | @A
1/2

o , 4 , 4 (G4
<< K U2 || PeAPw]); + P [ CnAT 2P -V uly+ = IIFul3.

We will need to use (3.4) below; meanwhile for the purpose at hand we neglect the
term (u/2) Azfl || Ok A3 *u,, ||§ on the left-hand side of (3.4) and integrate both sides

to obtain

|42 0rw(n];
< A2 w5 et

t
+ (5 xvglpatul; G-

4 4
+ m |0n A~ 2P (u ~V)u||§ + - ||Fn||§> o VM1 (1=9) g o

Clearly [|A'? Qrw(0)[15 = |A"? Ok (u —un) (0)[I; — Oasn — coand || Fy(s)]l2 —
0 as n — oo for each s. Similarly to (2.17), from (2.2) and (2.24) it follows that there
is a constant M3 such that |[A™Y2Pu-Vyul3 < |3 lu®ul3 < [Toli3lulf <
IToII3M3IAY2ull} < I TolI3M3U}; since |A=Y2P(u-V)yul3 is therefore well-
defined and bounded we have |Q, A" V2Pu(s)-V)u(s)|» — 0asn — oo for
each s. Thus the convergence of the right-hand side of (3.5) to zero as n — oo follows
by the dominated convergence theorem if we can show that || Pt A'/?w(s)[|3 — 0 as
n — oo for each s.
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For this we first obtain an estimate for the entire difference w. Taking the inner
product of both sides of (3.1) with Aw we obtain similarly to (3.3),

d
R P Y G [ S

8
< K] PAY w|); + [ Qe w]3) (3.6)

4 4
+ | @A™ 2P -V u|; + ~ 1 Ful3

where we have again used the decomposition ||A3/4w||% = ||PkA3/4u)||% +
I QkA3/4w||% and discarded the term v||Aw||% on the left-hand side. Again with k

large enough so that (S/M)KlUI% < (,u/Z))szl, we subtract from both sides of (3.6)
and obtain similarly to (3.5),

| A Pw(n];

< A Pw (e
t
+/O (% KU ? | PeAY ) 3.7

4 4
+ n I QnA*I/ZP(I,rV)u“i + - IIFnII§> oV (1=9) g

Using the fact that ||PkA1/2w(t)||% < ||A1/2w(t)||% and neglecting the exponential
terms, where not needed, we obtain from (3.7) for all 7 in an interval [0, T],

[PeatZwn];

< A" w3

T
4 4
+/ (— |‘QnA_1/2P(u.V)uH§+—||Fn||%)e—‘))~k+l(t—s)ds (3.83)
0o \ M v
L8 22 B A2 ()12
+f — KiUIA " | PeA Pw ()5 ds.
0 M
Applying Gronwall’s inequality to (3.8) we obtain for
4 _ 2 4
Uor(s) = [ CnA™ 2P Vyuly + — B3,

the inequality

| PeA 2w

172, 12 ! A sk U2 /2 (3.9)
< |naY w0||2+/ Ug.r(s) e "1 =9) g | SK1ULN 1 /1
0
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and by the same observations as those following (3.5), || PeAY2(u(t) —un (1)) ||% -0
uniformly on [0, 7] as n — oo, and hence || A"/ (u(t) — u, (¢))[|5 — 0 uniformly on
[0, T] as n — oo. Thus Theorem 1.1 follows.

In the case of decaying turbulence, in the transition from (3.2) to (3.3) we retain
the term ||un||% + ||u||% rather than using (2.12) and from Poincaré’s inequality
use that [lu, |2 + Jul? < A7 (JAuy? |2 + [AY2u]2). We then proceed as in
the developments resulting in (3.9) but now the exponential term is replaced by
exp £ K U210 [y (1 Auy* 13 + 11412 3) ds. Meanwhile, from the remarks fol-
lowing (3.5) and from (2.24) we have

_ 2
|QnA™ 2P - Vyu|; < IToll3 M3l AV 2ull3 A" 2ull3 < I Toll5 M3l|AY?ull3 UF

and so by (2.7) both |Q,A~V2P(u-V)u|3 and || F,|3 are integrable on [0, +00).
Hence from (2.7) and the above remarks we have for all ¢ € [0, +00),

| PA w3
12

< [1ll 4 [eutwan] HEROBES e 10
0

which is (1.8), where again C,, () = §|| 0, A™V2P(u-Vyu|3 + 2| F,|3. Again by
the dominated convergence theorem, |A'/2Pw(#)]|3 — 0 as n — oo uniformly
on [0, +00). Since || PtA/2w(t)||3 is shown to be bounded in (3.10) as well, and
since the other terms in the integrand of (3.5) are bounded, the presence of the term
e~ V+1(=9) ds in the integrand shows that I1AY2 0w (r) ||§ is uniformly bounded and
that | A2 Qrw(1)||3 — 0asn — oo uniformly on [0, +00). Thus [[A2w(1)[5 — 0
as n — oo uniformly on [0, +00), which proves Theorem 1.2.

With these new techniques now established we sketch the proof of Theorem 1.5.
Let u and v be two solutions of (1.2) and let w = u — v. Then proceeding similarly
as in (3.3) we obtain

d
A w3 + urE | QeaY w3 + viQiAwl3

6 , 6 , 4 (3.11)
<K UZ| A P + ki U P e e VR

Choosing k > m large enough so that (6//L)K1U£ < (n/2) Aifl , we subtract from

both sides of (3.11), discard the terms (11/2)A[1A>* Qw3 and v]| QxAwll3 on
3/2

the left-hand side, use that ||A3/4Pkw||% = ||PkA3/4w||% <A ||Pkw||% and integrate
both sides from 7 to ¢ for some 7y > 0 to obtain similarly to (3.5),
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|AYV2 01 —v)) 3
< A2 Qutu — v)(to) | 3¢ M4 (3.12)

76 4 _ B
+ f (; KlUix,i/znPk(u—v)<s>||%+;||f<s>—g<s)||%)e VR (29) g
0]

which is (1.11). With Theorem 1.5 thus established we conclude the discussion in this
section.

4 Asymptotic convergence and stability in the case of decaying
turbulence

We integrate (2.8) from #y > 0 to ¢ > 1 to obtain

_ _ 1 ! _ _
lu() 3 < llulio)|f e ¢ ‘°>+U—M/ £ ()3 e M=) g, 4.1
fo

We recall the following result [6, Theorem 3]:

Theorem 4.1 Let (1.2) be such that f satisfies (1.7), then
IAP2u))n — 0 as t — oo 4.2)

forallp > 0.

We first prove Theorem 1.4; adaptations of the techniques established will be used to
prove Theorem 1.3. Again we assume without loss of generality that A, = OmA.
For solutions u# and v of (1.2) we let w = u — v, subtract the two versions of (1.2),
take the inner product of both sides with AQ;w for k > m, and obtain similarly to
the development of (3.3),

d
A2 w3 + urE | @ea¥ [ + vigeAwl}

2
< ;Kl[nun% +Il3]IAY 4 w3 (4.3)

2
< 75 Ki[llull3 + vli3]Awl3
Hhq

where we have again used Poincaré’s inequality. Taking the inner product of both sides
of (1.2) with A Pyw, the term || Qx A%/ w |3 is now replaced by 1] (Px — P) A3 w]|3
which is best discarded. We note that

(P(w-Vyu, APau) = (A72P(w-Vyu, A¥?Pu)
< NATV2Pw - V)ul2 [|AY? Peul
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but | A¥2 Pul|s < 2,/* | A Peul|a so by Young’s inequality
—1)2 32 v 2, Moy -2 2
[(A™'2P(w - Vyu, A* Pyu)| < 1 | AP ul5 + - |A= 2P -Vyul; 4.4)

with a similar estimate for the term (P (u - V)w, A Pru). We combine these estimates
with (2.17), subtract the term %H APru ||%, and multiply by 2 to obtain

d 2 4hk

T A2 Pav]y + vl PeAw]S = == Ky [llull3 + v 13] 147 wli3

i (4.5)

< —15 Kullull3 + lvl3]I1Aw]3.
VA

Adding (4.5) to (4.3) and omitting the term ;" | Qx A¥*w/|3 we obtain

2 4
PV A—;’;Q}Kl[nun% + I3l Aw]3. (4.6)

d
- | AV 2w + vl Aw]} < [
1 VA

Using Theorem 4.1 with 8 = 0 we assume that #; is large enough so that for all 7 > 11,

2 4xm j| ) ’ v
—7z + 37 | Ki[lulz + lvD]3] < 5. 4.7
[M;/z <l 1<
then combining with (4.6) and again using Poincaré’s inequality we have
L | A 2w |2 + = a1 [ AVwo)|? <0 (4.8)
dt 2T AA T S '

for all t > 11, from which it is now straightforward to integrate from ¢ to ¢ to obtain
||A1/2w(t)||§ < ||A1/2w(t1)||§e_(v/2))‘l([_tl). 4.9

We note that the same estimate holds for w = u, — v, where u, and v, are
two solutions of (1.3); the time #; can be chosen independently of n since 0 <
Jo I fa @136 ds < [0 11 £ (5)113 e™*1¢ =) ds. Thus (1.10) is established.

For the second statement of Theorem 1.4 we subtract the u- and v-versions of (1.2),
take the inner product of both sides with Aw, and obtain similarly to (3.6),

d

S NAY 2wl + vk | QA ]
(4.10)

4

< KWL (| B ul + [ 0xa* w3)

where we have used again | A¥4w||3 = || Pt AY*w]|3 + || QxA¥/*w]|} and discarded
the term ukifl||PkA3/4w|I% on the left-hand side. With k large enough so that
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@4/ K 1UI% < (u/2)k2f |» we subtract from both sides of (4.10) and obtain sim-
ilarly to (3.7),

[a"2w];
< A 2w ()| eH @.11)
12

t
+/ %Klekk | PeA w3 e her (=9 g
0

Using the fact that || Pt A?w(#)|13 < [|AY?w(2)]|3 on the right-hand side of (4.11)
and neglecting the exponential factors we obtain for all ¢ > 0,

t
A 2w |5 < |AVwO) |3 + / 2 kU2l | A w(s)|ds.  4.12)
0o M
Applying Gronwall’s inequality to (4.12) we obtain

[A12w(0) |2 < AV 2w)|2 1UEx "nin (4.13)

for all ¢ € [0, #1]. Since w(0) = uy — vy, we obtain the second statement of Theorem
1.4 from (4.13); note that similar arguments apply to solutions of (1.3).

To prove Theorem 1.3, for solutions # of (1.2) and u,, of (1.3) weletw = u — u,
and F,, = f — f, as before and obtain similarly to the development of (4.6) that for
k > n,

d
1A w]; +viAwi

< 21 ua 2P w-vyul + 2 1A

X 1 n 2 N nil2 (4.14)

1 A
4] i+ = [ K3 + 4w
A VA,

Using Theorem 4.1 with 8 = 0 we assume that ¢t > #; where #; is large enough so
that

(4.15)

4|:—1/2 + r}/z} Ki[lu()l5 + lua (D3] < 5

My

for all + > #1, then combining with (4.14) and using Poincaré’s inequality as before
we have

d v
Koy FUCO) RN PUCO

(4.16)
4 4
< llena™ 2P Vyuly+ T I
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for all # > 1. Note that by the remarks following (4.9) the same time #; can be chosen
so that (4.15) and hence (4.16) holds independently of n and simultaneously for u and
u,. For 11 <ty < t we then integrate (4.16) from 7y to ¢ to obtain

[a"Pwo];
< ”Al/zw(to)||§e—(v/2)kn(t—to) 4.17)

‘(4 _ 2 4 _ _
+/ (; |0nA l/zP(u~V)u||2+;||Fn||%>e W/ E=5) g
1

0

for all t > 19, which is (1.9).
To obtain the estimate discussed in the remarks following the statement of Theorem
1.3, we have from (2.17) and the remarks following that || Q, A~ P (u-V)u|} <

K, ||u||% | A3/ 4u||%, but using (2.2) together with the standard interpolation inequal-

ity ||u||}2372 < ||u||(19//5?2 ||u||;_1/9 with 6 = 4/3, there exists a constant K; such that

1A34u )2 < K llully/*1lAu]ly* which after applying (2.31) we use in (4.17) with

K5 = KlKé to obtain

[a w3
< ||A1/2w(t0) H;e*(”/z)*l(”“’) (4.18)

t
4 sp 4 _ _
- f (— K3U3  llully +—||Fn||%)e W/D11(=9) g g
1o w v

for all # > t¢. In particular, we have by changing variables that ft:) e~ VM=) gg —
fot_to e~ W/Dhs gg fooo e~ W25 gy = 2/(vA1) so that from (4.18) we have

| A 2w |3

2 _ _ 8 5/2
< AP w(tg) |5 e @/PME0 4 2 k3U3  sup u(o)lly (4.19)

HVAL >0

r4
+/ 2 Fa2 e DMa=9) 4
1o v

forallt > ty. With this estimate established we conclude our discussion in this section.

5 Attractor estimates for the SHNSE

With H = PL2(Q) as above we write (1.2) as du(t)/dt = F(u(t)),t > O,
u(0) = ug with solution S(t): u9p € H — H,; the linearized problem is dU (t) /dt =
F'[S(t)ug]l-U(t), U(0) = & € H. For ug fixed in H, let &y, ..., &y be M elements
of H and let Uy, ..., Uy be the corresponding solutions of the linearized problem.
Let gy = qm(t, uo; &1, ..., En) be the projection gy H = span{Uy, ..., Uy}, and
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let (1), ..., @um(t) be an orthonormal basis for gy (#) H. We need to find M so that
uniformly in space and asymptotically in time

WK

0> Tr F'(S()uo) o gu (1) = Y (Tr F'(u(1) o gu (1) 9 (1), 9; (1))

~.
I
=

(5.1)
(F'(u(1)) 9j (1), 9;(1)).

I

—_

J

Now, since ¢; € H, we have (P(¢;-V)u, ¢;) = ((pj-V)u, Pe;) = ((¢;-V)u, ¢;);
we recall also that A commutes with Q,,, and that Qi = Q. Thus

(F'(u)-9j, 9j)) = — v(Agj, 9j) — n(Appj, 9j) — (P(g;-V)u, ¢j)
> —v(Agj, 9)) — W(QmA%p;, ;) — (P(g;-V)u, ¢;) (5.2)
= — (A9, AV20)) — u(0m A 0j, 0mA ;) — ((9;-V)u, ¢)).

We have as in [48,49],

M
> (@ Vyu, 9| < [Du(x)|p(x) (5.3)
j=1
where
3 172
|Du(x)| = { > |Diuk<x>|2} (5.4)
j.k=1
and
3 M
Py =YD (i) (5.5)
i=1 j=1

Combining (5.2)—(5.5) with (5.1) we have

|Tr F'(S(t)uo) o gu (1)
u 1/2 2 a a)2 2 (5.6)
< =Y [0l - 1 Y 1A o0l + [ 1Dulpdr.

j=1 j=1

We want to apply the generalized Lieb—Thirring inequality developed in [48,49] (see
also [50]) in much the same way as we did in [2]; in order to do so we will need to
show that a(u, v) = (A%/?u, A%/?v) defines a quadratic form satisfying the conditions
prescribed in, e.g., [S0]. The most direct path to do this turns out to be through the
relation A%2u = P(—A)?u which we establish in the next section. This quadratic form
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is restricted in, e.g., [50] to a closed subspace V of H*(2) (in our case s = 2) for
which H should be the closure of V in L2(2). This is of course meant to include
standard Hilbert spaces used in NSE theory and includes H as defined above. Thus
it is reasonable to specify that for smooth enough u, v € H and for natural-number-
valued choices of @ > 2, by iterating the identity A>u = P(—A)%u, we have that
a(u,v) = (AY2u, A%%v) = (A%, v) = (P(—A)%u,v). But (P(—=A)%u,v) =
((=A)%u, Pv) = (—=A)%u,v) = (B¥?u, B%/?*v) with B = —A as above. This
directly fits into the examples of suitable quadratic forms identified in [50], and in
particular a(g;, ;) = [|B*%¢;(1)|I3 = [|A%%¢;(1)||3. Thus the generalized Lieb—
Thirring inequality of order m = o [50, Theorem A.4.1, Remark A.4.2] can be applied
to show that for ¢ = 1 4+ 3/(2«) there exists a constant x» such that

M
fQ PP Bdx <y Y | AP - (5.7)
j=1

The constant k> depends only on ¢, «, and the shape (but not the size) of Q. With
these developments, with (5.6), (5.7), and Young’s inequality we can proceed as in the
remarks following [2, Theorem 9] to obtain

[ Tr F'(S(1) uo) o g (1)

M M
< =Y A0 - 1Y | 0nA* e 0]

i=1 =1 (5.8)
Mz 2
+eprr Y A% Pi(0)]; + cpll Dullf.
j=1
where
b= g  2a+3
qg—1 3 7
6 — 1%
P Tall
205 1/(1
cp = p—1
P = T 1/(p—1)
pae/ 7D

2 3\ pa—1, 3/ 23814\ 320
_ _m - = _m_ .
‘2a+3<2a+3> ( p ) C“( p )

This is the direct analogue of [2, (3.13)] but now established for solutions of (1.2).
We first establish (1.14); we subtract and add u Zyzl | P A“/2<pj (1) ||% toboth sides

of (5.6) and use the estimate || P, A% (1)]13 < A%~ 1| AY2 P, 0;(2)|3 to obtain
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|Tr F'(S(t)uo) o gum (1)

M M
< oY A0 - 1Y |4 g0 69)

j=1 j=1

M
_ 2
i [0 e [ o0 dx 41 Dul
Jj=1

where we have used Young’s inequality withe, = u/(2k1) andcp = ¢y iy /)3 )
where p = q/(q—1) and ¢ = 1+3/(2w) as before. Applying (5.7) to (5.9) we obtain

| Tr F'(S(t)uo) o g (1))
< = (v —pry” Z||A1/2<p |- (5.10)
W3 Aol + o 5 14240 2 + cpDul,
j=1 j=l1
We now invoke the size restriction uk%‘l < v, omit the resulting non-positive term

v— ,u)\%_l) 21/1/1:1 ||A1/2(pj (1) ||%, and combine the other terms involving the A"‘/z(pj
to obtain from (5.10),

M
> |a“Pgi)|; + cplDully.  (5.11)
j=1

|Tr F'(S(t)up) qu(t)| < _%

Now by [50, Lemma VI.2.1], ZI}’I I ||A“/2<p](t)||% A4 4A8 = (A B/ Ra+
3))MPe+3/3 where again we use Aj ~ A j%/3. Using this and applying Holder’s

inequality to the term || Du ||q as was done in [2] we obtain from (5.11),

|Tr F'(S(t)uo) o qu (1)

_ —(ck )a 3+3 M(2a+3)/3+c |Q|(2a %)/(4a)HA1/2 ”q

(5.12)

Using Holder’s inequality again on % fOT | A 2u ||‘21ds as was done in [2] and recalling
the definition of ¢’ we then see from (5.12) that to have

1 T
lim sup — Tr F'((S(t)) uo) o gm(t)dt <0

T—o00 0
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uniformly in space we need that

(C)\, )O( M(20(+3)/3

4o +6
| (T L, q@etd)/da) (5.13)
> cp|§2|(2°‘73)/(40‘) [lim sup—/ ||A1/2u||2ds]
T— 00 T 0

With € = A vhmsupT_)Oo T fo |A1/2u(s)||2ds and setting [, = (v3/e)!/* and
lp=1/ )‘1 , we obtain the condition

(C)‘-l )(XM(Z(X+3)/3
4o

> ¢, |G/, Qat3)/ 2w ) Qat) S [é_o
€

](2a+3)/a (5.14)

Using the definition of ¢, following (5.9), using as noted, e.g., in [22,50] that A; ~
¢”1€2|7%/3, and collecting terms in (5.14) we have the condition

4o +6 @
S a+3)/(8a)
= 3 (C ) Ca (5.15)
» a+3)/(2a) I 2a+3)/a
iy <_> Q) @/Go) [_0] ,
u le

Again using the relationship between A1 and |€2| we have for a constant d = d(c, ¢)
(which will also absorb various powers of 2),

M Qa+3)/3

2043) /(2 2a+3
4o +6 3/(2 ) (2a+3)/(2a) o Qu43)@—1)/Ga) l() (2a+3)/a (516)
—5 —dcak m 12|

/

le

so that, solving for M in (5.16) and setting Ko = [((4a + 6)/3)dcyic;! * 13/ 2 +3)
results in the condition

b \3/ @) lo 3/«
M > KO,<—) |sz|<“—“/“[—} (5.17)
128 le

from which (1.14) follows by the opening remarks of this section.
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For the proof of (1.13) we assume that /Mf‘n’l > v and use this in the form
w = vk,;(a_l) in (5.6) to obtain

| Tr F'(S(t)uo) o gu (1)

M
< —v [0l
=1 (5.18)

M
— v, Y QmA“/ij(t)||§+/Q|Du|pdx.
j=1

Now we subtract and add vk,;(a_l) Zﬁwzl ||PmA“/2<pj(t)||% to (5.18) and again use
1P A% (1115 < Ay~ | A2 Pragoj (1)]13 to obtain

| Tr F'(S(t)uo) o gu (1)

M M
< v A = va @D Y 40003
= = (5.19)

M
v ) [ PuA g5+ /Q \Dulp dx.
j=1

Canceling terms accordingly we have from (5.19)

M
Tt F'(S(t) uo) o gm (1)| < —v,\;ﬂ**”z||A“/2gg,(r)||§+f |Du|pdx. (5.20)

j=1 ¢

Now we use Young’s inequality with €, = v/ A& k), cp =Cq 212y Jv)3/ G
and p, g as before to obtain

|Tr F'(S(t)uo) o qu (1)

—(a—1) u a/2 2 (2a+3)/3 q (5.21)
< —vi, > la ¢j(t)||2+ep/9,o(x) 3dx + cp | Dulld.
j=1
Applying (5.7) to (5.21) we have
vk’;(a—l) M , 5
[Tt F'(S(t)uo) o qu ()| < — —— Z [A%2¢; ()|, + cpl Dulld.  (5.22)

J=1
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We now proceed as in the calculations following (5.11); the role of p will be now
played by vk;(afl)so that similarly to (5.14) we obtain the condition

—(a—1)
?ﬂ))\m— (C)»])QM(2Q+3)/3
ke (5.23)
> ¢y | QeI a) a3/ G y Qart3)/ ) [l_o

Qa+3)/a
2

Now we again use the relationship between A; and |2| to obtain from (5.23) the
following expression involving only A1:

v, @Y

(C)\.l)aM(2a+3)/3
4o 46

(5.24)

> () (9—60)/ (8cx) cp pQat+3)/Q2e) /\53701)/(20() [1_0

Qa+3)/a
T

Let y, be the same as K, but with d replaced by a similar constant dy, then proceeding
as in the calculations following (5.14) with u replaced by v)n,;(afl) and noting that

Al_akf_“)/ 2a) _ AEMH)(I_“)/ %) we derive from (5.24) the condition

A 3(a—1)/Qa) 10 3/a
M > m(—’") [—} (5.25)
)Ll le

which is (1.13), and thus the proof of Theorem 1.6 is complete.

For « = 5/2 we have the same estimate (uci) (2 + v)»iMG)z as in [2] on
the dimension of M where ¢ is a generic constant and G = L/ (vz)\f/ 4) is the
3-D Grashoff number (see, e.g. [22,50]); we have as discussed in [2] that [p/lc <
G'/2. The exponent o = 5/2 is close enough to 2 that we can again use (1.13) and
substituting accordingly we obtain the estimate 5,2 (A /A1)°/3G3/3. The inertial-
manifold dimension estimate above is larger than the attractor estimate because of
the higher power on G (again because the power on « is close to 2 we have (2 +
vk}“)(,ucl)*l ~ v/u ~ 1). Meanwhile, by assuming asymptotically that U; ~

L/wi) = /A" G the estimate (6/,)K1U? < (1/2)pr;, from Theorem 1.5

can be written as 24/3(1)/“)4/3)\171/3G4/3 < Ak41. This becomes 4cz(v/u)2A%G2 <
k + 1 where ¢; is a generic constant, again using A,, ~ cAym?/3 with m replaced by
k + 1. Since v/ ~ 1 we see that the estimate for the number of determining modes
is in fact similar to the estimate for the dimension of the inertial manifold, suggesting
that the former (which is easier to obtain), can be used to estimate the latter. That both
are larger than the attractor estimate is commensurate with the fact that A € M.
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6 Derivation of the SHNSE on bounded domains

The derivation of (1.2) begins in [5] in the hyperviscous NSE case A, = B* by
applying the Leray projection P to both sides of (1.1). This requires making sense
of the operator P B which is done by first noting as in [42] that the Stokes operator
A = —PA satisfies Au = —Au + V ps(u) where pg(u) solves the boundary-value
problem

A \u) = 0, X € Q?
s (u) 6.1)
n-Vps(u)=n-Au, xeTl.
From the decomposition P(—Au) = —Au + V ps(u) we obtain
A%u = P(—A)P(=A) = P(—A)(—Au + V ps(u)) 62)

= P(=A)2u+ P(=A)(V ps(u))

and using (6.1) and the commutativity of spatial derivatives inside €2 we have
P(—A)(Vps(u)) = —PV(Aps(u)) = 0 in Q. Combining with (6.2) we have in
Q?

A%u = P(—A)u. 6.3)

Since A is well-defined assuming zero boundary conditions, P(—A)%u = A%u is
well-defined as a self-adjoint operator assuming the conditions # = Au = O on I'.
By induction using (6.3) we have for any integer o > 2 that P(—A)%u = A%u is
well-defined as a self-adjoint operator assuming the conditions u = Au = --- =
A%~1y = 0 on I'. That imposing these extra conditions preserves the physics of the
NSE was shown in [4] in which these conditions were shown to necessarily hold for
the NSE in the no-slip case if the forcing data f = Pg is smooth enough, i.e., satisfies
f € D(A*~1), which of course includes the unforced case f = 0.

We thus obtain a definition of the hyperviscous NSE on general bounded domains
© which is physically sound by adding the term w(—A)%u to the NSE, applying
P to both sides, invoking (6.3), and associating A* with the boundary conditions
u=Au=---=A*"ly =0onT toobtain

d
Eu—l—uA“u—i—vAu—i—P(wV)u:f, 6.4)

u(x,0) = ug(x).

To derive the SHNSE from (6.4) welet 0 < A1 < Ao < --- represent the eigenvalues
of A with corresponding eigenspaces E1, E», ... We set Q,, = [ — P, where Py,
is the projection onto E1@® --- @ E,,, and replace A% in (6.4) with operators A,
satisfying Ay > Ay = 0, A% which in particular includes operators in the explicit
computational form A, = 377, 1| d;(A;)* Pg; + Q. A% For such operators A, we
thus obtain as in [5] the following formulation of the SHNSE for general bounded
domains:
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d
Eu+MA¢u+vAu+P(u-V)u=f,

u(x,0) = ug(x).

(6.5)

which is (1.2). In addition to the derivation of (1.2), the capability for solutions of
(1.2) to approximate NSE solutions was demonstrated in [5] by establishing H'(£2)-
convergence of solutions of (1.2) to solutions of the NSE as u — 0 or as m — oo on
intervals [0, T'] on which there is a common H!(2)-bound. It was also shown in [5]
that the Stokes-pressure formulation of the NSE developed in [42] can be extended to
a suitably similar formulation for (1.2).

7 Conclusion

In [2], in the periodic case it was shown for a constant K¢ on the order of unity that

9/(10c) 9(a—1)/(10a) (6a+9)/(5a)
. . v Am lo

dimy A < dimp A < Ko — — — .
% Al le

(7.1
A basic sense of how these estimates compare with those in Theorem 1.6 can be
obtained by considering the borderline case ,u)»j’jl_l = v; we set, e.g., « = 2 and
replace v/ with A, in (7.1) to obtain

dimy A < dimp A < KoGon)” D /1 1/l /11711,

again using that 1/X; is proportional to |Q2|?/3 this becomes dimy A < dimp A <
Kol 10,1101 /11219, and rewriting (1.13) in similar fashion we have
dimy A < dimp A < Ko|Q|"2[An1¥/*[1o/113/% The power on || is slightly higher
in the latter estimate but the power on the growth term A, is comparably lower. Mean-
while the power on the key term /y//¢ is markedly lower, which would seem to be
the overriding consideration with the possible exception of extremely large domains.
Similar considerations apply to (1.14). Beyond this the estimates (1.13) and (1.14) not
only contribute the lower power on [y// but isolate the dependencies on A,,/A; and
v/ and help enable the favorable comparisons with the Landau-Lifshitz estimates
that follow (1.15).

In the formulation derived in [43] on bounded domains the NS-o model takes the
form

u VAU U @) + - V)utVp= = —an&)'Vp+F

V-u=90 '
where A is again the Stokes operator and U%! (1) = a%(l — AWV (Vu- VT +
Vu-Vu 4+ VTu-Vu). (We have used o as the small “alpha” parameter in the above,
which is consistent with the notation in [20] and distinguishes this parameter with the
exponent « in (1.1)—(1.3).) This form of the NS-o model seems to offer the closest
comparison with other SGS models via the term U“%!(u). The following attractor
estimates for the NS-o model were established on periodic domains in [20] for a
generic constant c:
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dimy A < dimp A < c(@®2) "o/l ~ ca 31901 /113. (1.3)

Though it is theoretically remarkable that the power on ly/lc in (7.3) matches the
Landau-Lifschitz power of 3, at the same time the right-hand side of (7.3) grows
rapidly without bound as «; — 0, heuristically how the NS-« system approaches the
NSE. For a; = 1/100, we have a; /> = 1000 so for |2| > 1 the estimate (7.3) is at
least 1000 times larger than the Landau-Lifschitz estimates. Though arguments have
been made as in [19] to suggest that the NS-o model reduces the number of degrees of
freedom in calculations, this is not exhibited directly by (7.3), whereas the estimates
in Theorem 1.6 lead to direct evidence of degrees-of-freedom reduction for (1.2) as
discussed following (1.15).

In the spectral hyperviscosity model discussed in [26], the counterparts of the
coefficients © and mg in (1.2) are chosen to depend on certain negative and positive
powers, respectively, of the truncation order N according to a specific version of
spectral vanishing viscosity methodology. In particular, it = ey = N7 in [26] with
B < 8/Tfora = 2.Setting N = 500 would be a fairly safe representative upper bound
given the analogous calculations for high Reynolds number using spectral vanishing
viscosity in [44], in which N is roughly on the order of 300. We have for the upper
bound B = 8/7 that u = €y is larger than 1.3 x 1073 while in high-Reynolds number
turbulence generally v is significantly smaller than 10~*. Thus for & = 2 we have a
computational example in which the ratio v/u is less than unity. On the other hand,
if « = 8 as used in [8-10,33] we have in [26] that § < 224/19 so for, e.g., B = 11
and N even as low as N = 50 we have that u = ey is smaller than 4.9 x 1078,
For v = 107 or even v = 1077, the ratio v/u is clearly large enough so that for
computationally realistic values of m the conditions of (1.14) are satisfied.

The high-Reynolds-number wind tunnel results in [44] suggest the potential of the
SHNSE as a computational tool for studying high-Reynolds-number turbulence given
its similarities to spectral-vanishing viscosity as well as its robust qualities discussed
above. Indeed, as noted in [32], spectral vanishing viscosity can be viewed as “using
hyperviscous dissipation that will affect only the high Fourier modes”.

Locally in time as is well known, subgrid-scale models do not always effectively
capture all of the dynamical effects of the unresolved scales, in particular backscatter,
in which significant amounts of dynamic energy are contributed from the higher (yet
unresolved) frequencies in the inertial range. At the same time the results and discus-
sion in [38,40] show that subgrid-scale dissipation can in the limit of time-averaging
represent a reasonably good model of the effects of the unresolved inertial-range scales;
this connects in particular to the attractor results above given the central role of the
time-averaged quantity defined by (1.12). Given their time-independence, steady-state
solutions of (1.2) would seem to be worthy topics for further study.
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