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‘We analyse the one-dimensional pressureless Euler-Poisson equations with a linear damping and non-local
interaction forces. These equations are relevant for modelling collective behavior in mathematical biology. We
provide a sharp threshold between the supercritical region with finite-time breakdown and the subcritical
region with global-in-time existence of the classical solution. We derive an explicit form of solution in
Lagrangian coordinates which enables us to study the time-asymptotic behavior of classical solutions with
the initial data in the subcritical region.
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1. Introduction

We are interested in the following 1D system of pressureless Euler-Poisson equations with non-local
interaction forces and damping:

Op + 0z(pu) =0,
| $|2 (1.1)
o
for (t,z) € Ry x Q(t). Here, p is extended by 0 outside Q(t) and Q(¢) denotes the interior of the

support of the density p, i.e., Q(t) := {x € R: p(z,t) > 0}. System (1.1) is supplemented by the
initial values of the density and the velocity

(p(t, ), ult,))|t=0 = (po, uo) € H*(Qo) x H(Q), (1.2)

where H?(€)g) stands for the standard Sobolev space of index s > 0 and

B (pu) + 0u(pu®) = —pu — (OW % p)p,  W(x) = —|a| +

Qo := Q(0) = (ag, bo)
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is an open bounded interval. It follows from (1.2) that the initial mass and momentum are finite; we
denote them by

0 < My ::/ po(z)dx and M, ::/ po(x)ugp(x) de .
Q() QO

The hydrodynamic system (1.1) has been formally derived from interacting particle systems
in collective dynamics. Different authors developed several approaches involving moment methods
either for particle descriptions directly ™ or at the kinetic level together with monokinetic closures for
the pressure term *. Kinetic equations for collective behavior can be derived rigorously from particle
systems via the mean-field limit, see 4° and the references therein. Although the monokinetic closure
of the moment system is not entirely justified, these pressuless hydrodynamic models as (1.1) give
qualitative numerical results comparable to the particle simulations of interacting agents, see 11117
and the references therein.

Critical threshold phenomena for the one-dimensional Euler or Euler-Poisson system are stud-
ied in %27, In particular, the damped Euler-Poisson system with a positive background state is
considered in ' and sharp critical thresholds are obtained. For certain restricted multi-dimensional
Euler-Poisson systems, we refer to 21:22. In 26, the critical thresholds were analysed for the so-called
Euler-alignemt system which has a non-local velocity alignment force F[p, u] = ¥ x (pu) — u(¢ % p)
with ¢ > 0 instead of the linear damping and interaction force in (1.1). Note that if ¢y = 1, then
the alignment force F'[p,u] becomes the linear damping under the assumption that the initial mo-
mentum is zero, i.e., M; = 0. These results were further improved in ¢ by closing the gap between
lower and upper thresholds. Other interaction forces, such as attractive/repulsive Poisson forces or
general-type forces, are also taken into account in the Euler-alignment system in 6. However, the
critical thresholds with interaction forces were not sharp. In this work, we solve the problem with
linear damping and Newtonian attractive forces by observing that the system (1.1) has a very nice
Lagrangian formulation allowing for explicit computations of the classical solutions.

Associated to the fluid velocity u(t, z), we define the characteristic flow n(t, z) as

dn(t, )
dt

=u(t,n(t,z)) with n(0,2) =z € Q. (1.3)

We first define a classical solution for our system (1.1) with the initial data (1.2). We say that
(p(t,x),u(t,x)) is a classical local-in-time solution to (1.1) with the initial data (1.2), if there exists
time 7' > 0 such that p and u are C! and C? respectively in the set {(t,z) € [0,7) x Q(t)}, the
characteristics n(t, z) associated to u defined by (1.3) are diffeomorphisms for all ¢t € [0,7T") with
Q(t) = n(t,Q), and p and u satisfy pointwisely the equations (1.1) in {(¢,z) € [0,T) x Q(¢)} with
initial data (1.2). Here the time derivative at ¢ = 0 has to be understood as a one-side derivative. It
is not difficult to see that that this definition ensures the equivalence between the classical solution
of the system (1.1) and the classical solutions to its Lagrangian formulation (2.1), given below. We
will elaborate more about it in the next section.

We now explain our strategy to find classical solutions to the system (1.1). In Section 2, we assume
that (p(t,x),u(t,z)) is a classical local-in-time solution to (1.1) with initial data (1.2) in order to
find some explicit expression for the solution on the whole time interval of existence [0,T). Then,
in Section 3, we analyse the maximal time interval of existence of the classical solution based on its
explicit expression. We show that these solutions are in fact global-in-time classical solutions under
certain hypotheses on the initial data, and that otherwise they blow up in a finite time. In the end
of Section 3, we state our main theorem, Theorem 3.1, which gives sharp critical thresholds for the
system (1.1). Further, in Section 4, we describe the long time asymptotic behavior of the classical
global-in-time solutions. We show that the limit profile for the density is a sharp discontinuous
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function:
My
Poo() = - and  Uso(z) =0 for x€Qy:=T-1T+1)

with

r:.= Mio </R xpo(x) dx—i—/Rpo(m)uo(x) dw) . (1.4)

Let us point out that Theorem 3.1 also holds in the whole space for positive integrable initial density
with finite initial center of mass and finite initial mean momentum. However, we cannot ensure that
their long time asymptotic behavior is given by ps.. In Appendix A, for the sake of completeness,
we provide a local-in-time existence and uniqueness result of classical solutions in the sense used in
this paper.

Let us emphasize, that the explicit solutions constructed in our paper are proven to be the only
classical solutions of the system (1.1). The local-in-time existence and uniqueness of classical solutions
to the Euler-Poisson system is known for the initial data being a small perturbation of the stationary
state, see 2324, There, the authors assume that the density is positive on the whole line R and that it
tends to zero as x — +00. A local-in-time well-posedness of the Cauchy problem for the pressureless
Euler-Poisson system in the plane without smallness assumptions in Sobolev spaces was given in
28 However, we include the local-in-time existence and uniqueness result for classical solutions to
(1.1) in Appendix A to present a self-consistent result and thus, the construction of solutions from
Sections 2 and 3 is fully justified. Strictly speaking, they are the only classical solutions in their
maximal time interval of existence. Let us also observe that, in contrast to 23241 our results hold
for the case of compactly supported initial data.

2. Explicit expressions of classical solutions

Let us denote f(t,z) := p(t,n(t,z)) and v(t,x) := u(t,n(t,x)). Using the characteristic flow, it is
easy to check that (p,u) is a local-in-time classical solution of the system (1.1) with initial data (1.2)
if and only if (f,v) is a classical solution of the system

f(t,x)% = po(z), (2.1a)
ov(t,z) +v(t,z) = — o oW (n(t,z) —y)p(t, y)dy
==/ OW (n(t, ) —n(t,y))po(y) dy, (2.1b)

for (t,z) € (0,00) x Qp, where we used the conservation of mass (2.1a) to fix the domain of inte-
gration in the right hand side of the equation (2.1b). Here 0; denotes the time derivative along the
characteristic flow 7. The system (2.1) is supplemented with the initial data

fo = f(0,2) = po(z), wvo:=v(0,2)=ug(x). (2.2)

Since (po,uo) € H?(Qp) x H3(p) and we are in one dimension, the initial data py and ug are
continuous functions up to the boundary of the domain, i.e., po, uo € C([ao, bo])-

The problem (2.1)-(2.2) has a unique local-in-time classical solution according to Theorem Ap-
pendix A.1 in Appendix A. This solution can be extended to a maximal time of existence of the
classical solution [0,7"). Since the characteristic flow n(¢,z) is a diffeomorphism for all ¢t € [0,7T)
such that Q(¢) = n(t, ), the Lagrangian change of variables can be inverted and the corresponding
(p,u) are a local-in-time classical solution of (1.1)-(1.2) in the sense given in the introduction. As
mentioned above, we will now obtain explicitly the formulas for the classical solutions of the system
(1.1) in Lagrangian variables.
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Observe that the equation for the density f(t,x) is decoupled from the equation of the velocity
variable v(t,z). We first deal with the equation for v(¢,z), and come back to the expression for
the deformation of the mass density 0,7(t, x) later on. Since the second derivative of the potential
O2W () = —280(x) + 1 and v € C?, we find

Ov(t, ) + Opu(t,w) = — A W (n(t,z) —n(t,y)) (v(t,z) —v(t,y)) po(y) dy

— oMy + / ot y)po(y) dy.
Qo

To evaluate the second term on the right hand side of the above equation, we multiply (2.1b) by pg
and integrate with respect to = to get

% o, v(t,x)po(x)de = — /QO v(t, x)po(x) dz,

due to 0, W (—z) = —0,W (x), thus, using the initial condition (1.2) we conclude
| vttomizde =t [ po(yunfe) do. (2:3)
Q(] QO

Set My := fQo po(z)ug(x) dz. Then we obtain that v satisfies the following nonhomogeneous linear
second-order differential equation:

aftv + ('9tv + M()'U = Mleft, t > O, Vo = Ug- (24)
We notice that the initial data d;v(t, :v)|t:0 = v{(z) are given through the equation (2.1b) by

vt,0(7) = —vo(x) — A oW (x — y)po(y) dy

= —up(z) — /Q (z —y)po(y) dy + /Q sgn(z —y)po(y) dy (2.5)

= —ug(z) — (z + 1) M,y —l—/ ypoly) dy + 2/ po(y)dy for x € Q.
Qo

— 00
Depending on the size of the initial mass M, as long as the solution exists, it satisfies:
e Case A (1 > 4My):

M
o(t,x) = Cre™t 4+ Che?2t + Lot (2.6)
Mo
e Case B (1 =4M,):
—t/2 —t/2 M, —t
v(t,z) = Cse +Cyte + —e77, (2.7)
My

e Case C (1 < 4My):

4My —1 4My —1 M
v(t,z) = Cse " cos [ —2——t ) + Cge "/ ?sin [ —2——t ) + —Le (2.8)
2 2 My
where A1, Ao, and C;,i =1,--- ,6 are given by
—1+ 1 —4M, —1—+1—4M,
Al = %, )\2 = fo, (293,)
1 M, 1 M,
Cy = Aoty — U + A1 —— Cy = —A 0 — Ao— 2.9b
! AQ—A1<2”° ot 1Mo)’ : AQ—A1< Ho T QMO)’ (240)
M1 Vo ’ M1
C3:=v9— —, Cq:=— — 2.9
3 1= o M, 5 + 0+2M0’ (2.9¢)
Ml Vo Ml
= vy — — d = b4 = ) 2.9d
Cs =g My and Cg TR (v0+ > +2MO> (2.9d)
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For abbreviation, we set
=Z:=1-4M, and O:=-=.

Our aim now is to compute an explicit form of d,v, in each of the above cases. Note that for any
of these cases, it follows from (1.3) that

n(t,z) =x+ /Ot v(s,x)ds and On(t,z) =1+ /Ot 0,v(s, ) ds. (2.10)
e Case A (1 —4Mj, > 0): A straightforward computation for (2.6) yields
Opv = 0,C1eMt + §,Che2t, (2.11)
and thus
Opvo = 0;C1 + 0,Cy and 9,0y = 0,C1 A1 + 0,C2)a.
On the other hand, it follows from (2.2) and (2.5) that
Opv0 = Ozug  and  Dpv) = —Dyug — Mo + 2po,

which implies

1 1
0,0y = 7= (MOzug — My +2pg) and 9,03 = —_= (Mo — 2po — A20yup) - (2.12)
Combining (2.10) with (2.11), we get

0:C1 , .y 0:Co | 3.4 200  0:C1 »: 0:Co
Opn =14 =21 (Mt 1) 4 222 (M2t — 1) = L2 1ty T2 At 2.13
n=14 5= (M =) T (@ 1) = e et e (2.13)

G At Co gt My,

— et — 1) =2 (eMt 1) - — -1 2.14
p=at S -1+ 2 - - e -, (214)

with C1, Cy are given by (2.9b) whose derivatives are computed in (2.12) and A, Ay given by (2.9a).

e Case B (1 = 4Mj): We use again the solution to (2.4) given in (2.7) together with the initial
conditions to get

Dpv = 8,C3e /% 4 9,Cyt e/, (2.15)

where 0,C3, 0,C4 satisfy

1 1

a:pc?) = 81“/0 and awC4 = _§8a:u0 - Z + 2p0a (216)

and so, by (2.10), we find
Dun = 8py — (20,C5 + 49,Cy) e /? — 20,Cyt e7/? (2.17)

and
t/2 —t/2 —tj2y , My -
n=x+2C3(1 —e"’*) — 2Cyte +4C4 (1 —e )+M(1—e ). (2.18)
0

e Case C (1 —4Mj < 0): It follows analogously from (2.8) that

Ov(t,x) = 5‘z05(x)e*t/2 cos (?t) + 3x06(z)e*t/2 sin (?t) , (2.19)
where 9,C5, 0,Cg satisfy

1
0,C5 = 0pug and 0,C5 = (—28zu0 — My + 2p0) . (2.20)

2
vB
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Ogm = 2ﬂ + 20 0.Cs - 9:Cs e 2 gin @t
M 1+0 VO O 2

(20 8mC5+3mC6 e~t/2 cos @t 7
1+0 ] v 2

n=x-+ —2(\/505 — C6)e*t/2 sin @t + 705 +VOCs 2 — 2 % cos @t
2 2 (2.22)

This yields

(2.21)

and

1+0 1+0
M
—(1—e?.

+A%( e’")

Let us summarize our results up to this point. We have derived the explicit forms of velocity
field being a local-in-time classical solution to (1.1). We have also obtained the expressions for the
deformation of the mass density 9,7 leading to positive values of the Lagrangian density f(t,z) for
small enough time, since 9,7(0,z) = 1, for z € . Moreover, we have derived the explicit expression
of the characteristic flow n(t, ). We next want to find the maximal time of existence of these explicit
solutions.

3. Sharp critical thresholds

In this section, we study the critical thresholds leading to a sharp condition for the dichotomy
between global-in-time existence and finite-time blow-up of classical solutions to (1.1). The argument
is based on the observation that the local-in-time classical solution found in the previous section
can be extended in time as long as the characteristics can be defined, i.e., there is no crossing of
characteristics, or equivalently, the flow map 7(¢, z) is a diffeomorphism, so 9,n > 0. We will thus
study the explicit forms of d,n obtained in cases A, B and C above. The form of the time derivative
of 9,n will enable to estimate the critical thresholds in the system (2.1) depending on the size of the
initial mass M.

We first notice that for all cases A, B, and C, the global-in-time classical solution, if it exists,
satisfies

_ : _ 2po()
9:1(0,z) =1 and tllglo Oun(t,x) = My > 0 for all x € Q.

Thus, if the infimum of 9,7 (t,x) is nonpositive, then it should be attained at 0 < ¢* < oo. Let us
assume that there exist t* > 0 and z* € Qg satisfying

x¥)= inf <0. .1
O (t*, x™) .. O.m(t,z) <0 (3.1)

Then using (2.10) we find the necessary condition
Op0,m(t*, ™) = Oyu(t™,2*) = 0.

e Case A (1 —4Mj > 0): Since A1, A2 given by (2.9a) are both negative, it is clear from (2.13) that
0,C1(2%)0,Ca(z*) # 0 in order to have the infimum inside the time interval (0, 00). From (2.11) we
also get

aa;C (x*) _/Et*
* *\ *\ A1t 2 V=t _
Ozv(t*, x%) = 0,C1(x%)e (1 + 789501@*)6 ) 0,

for
0:C1 (") —VEt*

_78202($*) =e . (3.2)
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This implies
0, C1(x*)

0<=5.60)

< 1. (3.3)

Further, from (2.13) and (3.2) we obtain

2p0(x") | 0:C1(x") o 02Ca(x") 5,4 _ 2po(7) VE Aat*
oun(t*, 4*) = 1 = Y20,Cala")e,
i) My - Y - o - Mo - My 2(")e
thus necessarily 9,Cs(x*) < 0 due to (3.1). Further, if 9,C5(x*) < 0, then due to (3.3), (2.12) and
(2.9b) we have 9 up(xz*) < 0 which is equivalent to 9,C1(z*) + 9,C2(z*) < 0. Thus we conclude

that to have finite-time blow up there must exist x* € 2y such that

0:C1(z") >0, 0,Ca(z") <0, 0Opup(z™) <0,

and

<0. (3.4)

2p0(a) +VELCo(a") (- SEUEN)

The above condition is not only necessary but also sufficient, more precisely we have the following
proposition:

Proposition 3.1. Suppose 1 —4My > 0. Then 0,n(t,x) attains a non-positive value if and only if
there exists a x € Qg such that

Orup(x) <0, My —2po(x) < M\ Opuo(z),
and

2p0(x) < My (x) — Mo + 2p0(2)) ™/ VE(Nadyu(x) — Mo + 2p0(x)) /Y=,

Proof. Note that My — 2pg(z) < A\ 9,uo(z) is equivalent to 9,C1(x) > 0 and 9,Cy(z) < 0 due to
Ozuo(x) < 0. Finally, it follows from (2.12) and (3.4) that

2p0(z) < (MOyuo(x) — My + 2p0(2)) 2/ VE(NaByuo(x) — Mo + 2po(2))M/VE. D

e Case B (1 = 4My): In this case, 9,7 is given by (2.17) and (2.16). We again want to find a point
x* which makes 0,7 nonpositive at some time ¢t = t*. Let us look for the values t*,z* satisfying
Ov(t*, z*) =0, from (2.15), we have
. . 0,Cs(z*
Opu(t*, 2*) = 0,Cs(x*)e ™ /2 + 0,Cy(z*)t*e /2 =0, ie., t*= &:ng*;.

Since we look for t* > 0 we must have *gﬁgigig > 0. On the other hand, by plugging t* and z*

into (2.17), we get

* *\ ®) ®\ —t%/2
x ) - C T . .
0n(t*, %) = 8po(z™*) — 40,Cy(z™)e (3.5)

Thus 0,7 (t*,2*) can be nonpositive if and only if

0,Ca(z") >0, 9,Cs(a") <0, and an(2P0($>)<arC3<x>

8104(.%‘*) - 89004(33*)

Summarizing the above estimate together with (2.16), we have the following proposition:

Proposition 3.2. Suppose 1 = 4My. Then 0,n(t, x) attains a nonpositive value if and only if there
exists a x € Qg such that

Ozup(x) < min {0,4[)0(:10) — ;} ’
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and
" (800 () 8239(120(%) - 1> ~ 8po (x)zag;gi(fo)(:c) -1 (3:6)
Proof. Since 9,C5(x) = 0yup(z) < 0 and 9,Cy(x) > 0, we infer
Oz to(r) < min {0,4;)0(3:) - ;} .
The condition (3.6) just follows from (3.5), since t* > 0. O

e Case C (1 — 4My < 0): In this case, 9,v is given by (2.19). Let us look for the values t*, x*
satisfying d,v(t*,2*) = 0, we have

cos (mt*> = M sin (éﬁt*> , e, M = tan (éﬁt*> . (3.7)

2 0,05 (z%) ~ 9,C6(x)
This gives
_ 20(e) ( wﬁ) ((azcm*))? + <azca<x*>>2) 2 gin ( “@) L)
M 1+0 0. Cs(x*) 2

due to (2.21). Note that the second term in the right hand side of the equality (3.8) has a damped
oscillatory behavior as a function of ¢t*. This implies that in order to get the minimum value of
0.m(t*, x*), it is enough to find the point z* € Qg and the smallest time t* > 0 satisfying (3.7), such
that the sign of the second term in (3.8) is negative, i.e. sin(vOt*/2)9,Cs(z*) < 0. Observe that
for each z* € Qy, there is an increasing sequence of allowed positive t* due to condition (3.7). For
this, we consider the following two cases:

Subcase C.1 0,C5(x*)0,Cs(z*) < 0: It follows from (3.7) that the first ¢t* > 0 satisfying (3.7)
appears in the interval (0,7/v/0). This yields that sin(v/CJ¢*/2) > 0, therefore we can further dis-
tinguish two different cases:

Subcase C.1.i If in addition 9,C5 < 0, it is possible that the first ¢* > 0 satisfying (3.7) leads to a
negative value of (3.8). We can write its form in an explicit way; due to (3.7) we have

sin (t*) - _ 0:C5 (")
2 V(0:C5(2%))% + (0:Co(27))?

Plugging this into (3.8), we get

Ot a) = 28] (fﬁ) V@O + @Ol e .

> 0.

Then we again use the relation (3.7) to find
2p0(z* Cs(z*
Oon(t*,27) = 20la”) _ Cr(x7) exp ( v )> 7

where C7 and Cy are given by

Cr(x) := (124_\/55) V(9,C5(x))2 + (9,Cs(x))? and Cg(z) := arctan (m) . (3.9)
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Subcase C.1.ii If in addition 9,C5 > 0, then the first t* > 0 satisfying (3.7) leads to a positive
value of (3.8), but the next t* might lead to a negative value. This one occurs at

=t + % € (2r/v0, 37 /VDO),

for which sin(vO#;/2) < 0, however its form is still the same

sin (mt*> = — 0:C5(@")
2 7 V(@:C5(2))% + (0:Co(27))?

<0,

and thus
2po(z”) < 1 >
On(t7,2") = ——= — Cr(x™) exp | —= (Cs(z*) —7) | .
77( 1 ) MO 7( ) p \/i( 8( ) )
Subcase C.2 9,C5(x*)9,Cs(x*) > 0: In this case, the first t* > 0 satisfying (3.7) is later, namely
t* € (r/vO,2r/v/0), however this gives again the positive value of sin(v/O#*/2) > 0. Therefore,
we can further distinguish similar two cases as in C.1:

Subcase C.2.i If in addition 9,C5 < 0, then the minimum value 9,7(t*, z*) can be written in the
following way

2po(z”)
Moy

Dun(t", &) = _ c7<x*>exp< L

v
Note that since Cg(z*) > 0 and @t* > 0, one has to take @t* = —Cs(z*) + 7.

Subcase C.2.ii If in addition 9,C5 > 0, then the minimum value is attained in the next possible
time according to (3.7) given by

(Cs(z*) — 7r)> .

=t 4

2—\/% € (37/vVO,4n/VD),

so, the smallest value is given by

2po(z*) ( 1 )
Oen(t7, %) = ——2 — Cr(x®) exp | —= (Cs(z™) — 27) | .
77( 1 ) MO 7( ) p \/i ( 8( ) )
All of these sub-cases for 1 — 4My < 0 can be summarized in the following result.

Proposition 3.3. Suppose 1 —4My < 0. Then 0.7n(t, x) has a nonpositive value if and only if there
exists a point x € S U Sy, US3 U S, where S;,1i=1,...,4 are given by

Slzz{x € Q010,05 () < 0,0,Co(x) > 0, 2228 _ iy exp(c\g/%))< 0} ,

My

x) exp

Szi{x € Q0:0,C5(x) > 0,0,Cg(x) <0, 210]0\/[7(1‘)
0

Mo

x) exp

(z) —
o (
\F
2
8322{.13 € 90:8m05(x) < O,BxCG(x) <0, M - 07 eXp<08 ) O} )
f
2
8422{5(1 S 90289305(33) > 07651;06(5(}) > 0, p]OM(O ) - C? ( \/>
respectively. Here 0,C;,1 =5,6,7,8 are given in (2.20) and (3.9).

As a direct consequence of Propositions 3.1 — 3.3, we have the following sharp critical thresholds
for the system (1.1).

Theorem 3.1. Assume that (f,v) is a classical solution to the system (2.1) with initial data (2.2),
then:
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Case A: If 1 —4My > 0, the solution blows up in finite time if and only if there exists a x* € €
such that

Ozup(z*) <0, My —2po(x*) < A Ozuo(z™),
and
2p0(2") < (A1 Opuo(x™) — Mo + 2p0(x*))_)‘2/ﬁ()\28muo(m*) — My + 2p0(x*)))‘1/@.

Case B: If 1 — 4My = 0, the solution blows up in finite time if and only if there exists a x* €
such that

1
azUO(.T*) < min {0,4p0($*) _ 2} ,

and
" 8po(x*) 20, uo (")
8po(z*) — 20,up(x*) — 1) = 8po(a*) — 20, up(z*) — 1°

Case C: If 1 — 4My < 0, the solution blows up in finite time if and only if there exists a x* €
S1 U8 US3USy where S;,i=1,...,4 are given in (3.10) and with C;(x),i =5,--- ,8 given by

0,C5(x) = atio(x),  DuCo() = % (—;&Cuo(x) — Mo(z) + 2p0(z)> ,

Cro) = (fﬁ) VR G + 2 onte) - o) () - My - D00,

and

Cs(z) = arctan ( VB0, uo(w) ) :

4po(z) — 2Mo — Dyup(x)

Moreover, for all cases, if there is no finite-time blow-up, then the classical solution (f,v) exists
globally in time.

Remark 3.1. The threshold conditions in the above theorem are given in an implicit form. Let
us point out that the described subcritical region is not an empty set. For example, in case B, if
1 e

po(z*) = 5 then the blow up in finite time happens iff ,uo(2*) < —5.

Proof. It follows from (2.1a) that

plt,n(t,2)) = pola) (Dan(t,2)) "

Thus the density p blows up if and only if inf,cq, 01 (t, ) < 0 for some finite time ¢ > 0. We finally
use Propositions 3.1 — 3.3 to conclude the desired result. O

Remark 3.2. One can easily check that the previous theorem holds also for the case Qg = R,
provided that the initial density is positive and integrable and that the following conditions are
satisfied

/ || po(x) de < oo and /po(x)|uo(a:)| dr < 00. (3.11)
R R
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4. Asymptotic behavior

The purpose of this section is to investigate the large time asymptotic behavior of the explicitly
constructed classical solutions to system (2.1) ensured by Theorem 3.1.

Theorem 4.1. Let (f,v) be a global-in-time classical solution to the system (2.1)-(2.2) given by
Theorem 3.1. Then it satisfies

. My .
foo(z) := tlggo flt,x) = 5 and  voo(x) 1= tlggo v(t,x) =0 for all x € Q,

exponentially fast. Moreover, the characteristic flow satisfies

oo () := lim n(t, ) = MLO (/Q ypo(y) dy +/ po(y) uo(y) dy + 2/90,00(1/) dy — Mo)

0 Qo ao

for all x € Qq. In particular, Q(t) = (a(t),b(t)) and
lim |a(t) =T +1/=0 and lim |b(t)—T-1]=0,
t— 00 t—o0

exponentially fast.

Proof. We claim that if there is no blow-up
o On(t,x)  2po(x)

It simply follows from the explicit formulas for 9,1 obtained in Section 2, namely (2.13), (2.17), and
(2.21). On account of (2.1a), we therefore have

for all x € Q.

. My
tliglof(t,x) =5 for z € Q.

Finally, it is obvious due to (2.9) that all functions 9, C; are bounded due to pg, d,ug € C([ag, bo)),
and thus, there exists a constant C' > 0 such that

] oo <C.
ax [ Ci(x) L) < €

This yields
[0(t, )| L0y < Ce™  for some A > 0.
Since there is no blow-up of solution, we know that 9,1 (¢, z) > 0 for all (¢,z) € [0, 00) X Q. Thus,

p(t,n(t,z)) > 0 for all (¢,z) € [0, 00) x o, and so, () is connected since (¢, x) is a diffeomorphism
from the connected set Qg onto Q(t). We denote Q(t) = (a(t), b(t)), where

a(t) = x£g3+ n(t,x) and b(t) = lim n(t,z).

T—bo—

Finally, we can compute based on the explicit formulas for 7(t,z) given in (2.14), (2.18), and
(2.22) that

Ji (¢, ) = MLO (/QO ypo(y) dy+/ﬂo po(y) uo(y) dy+2/

ao

x

po(y) dy — Mo) ;

for all z € Qg and we deduce again that there exists constants C' > 0 and A > 0 such that

lim |a(t) —T+1] < Ce™  and  lim [b(t) =T — 1] < Ce M (4.1)
t—o00 t—o00
with ' given in (1.4). O

Remark 4.1. As a consequence of Theorem 4.1, we conclude

. M, . B
Jim p(t,n(t,z)) = —= and  lim u(t,n(t,2)) =0
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for all z € Qy. We can also check that 1. (z) is a diffeomorphism from Qg to (I' — 1,T" + 1). The
previous theorem and this remark also hold for positive initial density defined on the whole R under
the assumptions (3.11).

In order to understand the large time behavior of p(¢,y) in the Eulerian variables, one should
invert the characteristics n(¢, ). This would be a daunting task in view of complexity of the explicit
formulas for n given in (2.14), (2.18), and (2.22) and we do not intend to do it. However, one can
estimate the error in L' norm between p(t,y) and the expected asymptotic profile

My
Poo(y) = 5 X (y) for y € R,

where xq is the characteristic function of the interval , recall that Q. = (I'—=1,T'+ 1). In order to
estimate this difference, we define an intermediate function p that will simplify our computations:
. My
plt.y) = 5 xow(y) for y e R.

By using the Lagrangian change of variables (2.1a), we deduce

lo(t, ) = 3(t, Moy = /

Qo

/QO

lim {po(x) - %an(t,x)} =0, forall ze€

t—o0 2

due to 9,n > 0. Since pg, dzug € H2(p), then by the Sobolev embeddings po, d,ug € C*(£), and
thus by the explicit expressions of 9,7 in (2.13), (2.17) and (2.21) we easily get

st~ 2 n(.0) o

M,
po(x) — 703,377(15,9:) dz .

Theorem 4.1 shows that

Hawn”LO"((O,oo)xQo) < 0.
Therefore the integrand in (4.2) is bounded by a constant and the dominated convergence theorem
implies that
dm {lp(t, ) = p(t )| i) = 0-
It is also true on account of (4.1) that

lim {|poo(-) = p(t; )| L1 @) = 0

t—o00

Putting together the above results, we have
Jin [p(t,-) = poo ()l L1 ) = 0-
We can even improve this result providing a rate of convergence.
Corollary 4.1. Let (p,u) be the global-in-time classical solution to the system (1.1)-(1.2) given by

Theorem 3.1. Then there exists C' > 0 depending on the L bounds of pg and Oyug in Qo and A > 0
depending on the initial mass My such that

lp(t, ) — poo(')”Ll(R) < Ce M,
Proof. Using the explicit expressions for 9,7 in (2.13), (2.17), and (2.21), we can write the integrand
in (4.2) as

po(z) 78177(t7$) = —%f(t@")
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where
ng\(lh e)\lt + ag\fz e)\zt in A
E(t,z) = —(20,C5 + 40,Cy) e t/2 99, Cytet/? inB .

(52 [(38 - 40 (£9) - (25 2) ()] me
Therefore, it is easy to check due to (2.9) that all functions 9,C; are bounded due to pg,d,ug €
C([ag, bo]), and thus, there exists a constant C' > 0 such that

I€(t, )| Lo () < Ce™™

with
—)\1 in A
A= % —€e¢ inB,
1 in C

2
with € > 0 arbitrarily small. Using these estimates back in (4.2), we get
Q CMo|Q0| _s
0,1y < S0 5

The remaining term is also straightforward to estimate, using (4.1) we have

p(t,) — pt, )lLr@) <

- M, =~ _x
lpt,-) — poo(')”Ll(]R) < 70/9 |XQ(t) — X |dr < Ce A
0

and we conclude by taking

C = min{c%m()',C’}, and A= min{:\,j\}.

2 O

Remark 4.2. Let us point out that one can give more qualitative estimate on the intermediate
asymptotics of the solutions. Actually, one can prove as in Corollary 4.1 that the L' difference
between any solution and the density profile

My
p(t,y) = WXQ(:&)(Z/) for y € R,

converges exponentially fast to zero. Depending on the different time scales involved, one can have
cases in which this tendency to adjust to p is faster initially before the solution finally relaxes
to the global equilibrium p.,. Adapting the previous arguments for positive initial data under the
assumptions in Remark 3.2 seems challenging. This needs a smart control of the tails of the solutions
as t — oo depending on decaying/growth conditions at & = +oo of the density and the velocity
profiles.

Let us illustrate the results of the last sections with some numerical experiments performed using
a particle method to solve the Lagrangian equations (2.1). We refer to ® for details on the numerical
scheme, see also !7 for related numerical strategies. We use an initial uniform distribution of nodes
given by

1.5
n:(0) = —0.75 + 1(i—1) for i=1,---,n.

The initial density is chosen as
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STEADY SOLUTION 0.2
“““““ t=0
0.1
0.25 t=5 0.15
-=rt=10
Theoretical —t=30 0.1
—Numerical | e,
02 ¢ 0
0.05
2z
3 o
O]
=
-0.05
-0.1
0.15
-0.2

-1 -0.5 (o) 0.5 1
X (position)

(a) (b)

Velocity

X (position) X (position)

(c) (d)

Fig. 1: Numerical simulation of the system (1.1) in the Lagrangian variables.- (A), (B): Time
behavior of the density and the velocity for a global existence case (¢ = 0.2). (C), (D): Time
behavior of the density and the velocity for a finite time blow-up case (¢ = 0.4).

pi(0) = %cos <7r “””ﬁ?) ,

where the constant v is fixed so that the total mass My = fR podxr = 0.2. Concerning the initial
velocity, we choose

u;(0) = —csin (77 ag(%)) for each node i =1, -+ ,n,
where the two values of the parameter ¢ will be 0.2 and 0.4. For the case ¢ = 0.2 there is global
classical solution and for the case ¢ = 0.4 there is finite-time blow-up according to Theorem 3.1.

In Fig. 1 (A) and (B), we observe the dynamics of the solution converging towards the asymptotic
profile p, as t gets larger while the velocity becomes zero everywhere in the support of p. The
solution after t = 30 is plotted against the asymptotic profile steady state po in the inlet for further
validation.

In Fig. 1 (C) and (D), we show the dynamics of the solution in the blow-up case. In the density
evolution, we observe how the density is squeezing towards the asymptotic profile up to certain time
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t = 1.161, after which the density becomes larger and larger at the origin. The blow-up is clearer in
the velocity profile where we see that the derivative of the velocity becomes unbounded at the origin
at approximately ¢ = 1.161 as depicted in the inlet. At this time before several nodes have been
removed for the density symmetrically near the boundary for visualization purposes, whose largest
value is 81.1688.

Remark 4.3. Observe that the same asymptotic profile po, is obtained as the large time asymptotics
of the first-order aggregation equation:

Op+Vau-(pu) =0, (t,x) e Ry xR?

2
u=—-V,Wxp, W(z)=—¢(z)+ % where  Ag¢ = 25.

Indeed, one can easily find the dynamics of p along its characteristic flow. More precisely, we get
Of = —f(Ve-u)(t,n(t,x)) = —f*(2 = dMo f 7).

This and together with the Gronwall inequality yields

dMopo - dMy
(dMO — Qp())@_dMUt + 2p0 2

flt,x) = as t— o9,

for some x € . These facts were already analysed both theoretically and numerically in 2 for the
attractive and repulsive Newtonian potentials in any dimension. In fact, the aggregation equation
can be formally understood as the large friction limit of (1.1), see 12 for related asymptotic limits.
Let us also point out that this aggregation equation for Newtonian repulsive interaction can be
obtained from particle dynamics 3.

Remark 4.4. Further extensions for potentials may be possible following the previous strategy. Let
us consider a more repulsive force at the origin in our main system (1.1) by defining the potential
W (z) to be

‘x|a .’132
= —— —
W () PR
with —1 < o < 1. Here, % := log |z| by definition. It is well known that % is the fundamental

solution of the fractional operator —(—8xx)(1+“)/ 2 except a positive constant. More precisely, one
can check that

_(_5m)(1+a)/2 ('xa> = ko

(%

with & > 0, see 1825 and 82010 for the one dimensional case. These potentials have been used for
first-order aggregations models as in previous remark in '3 and they are related to the eigenvalue
distribution of random matrices. In particular, the following relations hold for sufficiently smooth
functions p

2
W p==(=050) 204 Twp, OWxp=— [02(=0,0) " 0F2] pt s p,
and
_(_8xz)(1+a)/2(w *p)=p— (_8xx)a/2(x ). (4.3)

Note that in the case a = 0, the derivative of W % p is given by the Hilbert transform. The frac-
tional operator 8$(—8m)_(1+0‘)/2 when —1 < a < 0 has to be understood in the Cauchy principal
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value sense. With this information, we can now write the Euler-type equations for this potential in
Lagrangian coordinates as

F(t,x) 8’7;;’7””) = po(z), (t,z) € Ry x o, (4.4a)
dv(t,x) +o(t,z) = — oW (n(t,x) —y)p(t,y)dy

Q(t)

-[ 020,02 () t,0) = ) d

- / (n(t,2) — n(t, y))poly) dy (4.4b)

Now, we would like to proceed by formally applying the differential operator 95 to (4.4b) taking
into account (4.3) to find

0F (000) + 07(0) = | 3(a(t.) = n(t.0)(ot,2) = 0(0,9)po(s)
o )My + 0 ( [t dy)

=— 0y (v)Mo + 077! (/

Q

in case we are able to use the following chain rule for fractional derivatives
07 f(9(x)) = (95 f(9))] (0zg(x))" .

It is unclear though how to rigorously justify such chain rule, see
Assuming that 99! is the inverse operator of 9} %, then we recover for & = 1 our core formula
(2.4). Using (2.3) we can compute

o ([ o) a) =0 (e [ (o)1) i) = 20 ().

by setting w = 0>~ *(v), we finally have
Ofw + dpw + Mow = M97 ! (e7F) . (4.5)

o(t.1)p0(y) dy) 7

0

g=g(z)

16 for non-smooth settings.

Hence, we could try to solve the differential equation (4.5) to get the explicit solution w. However,
recovering v and other quantities also needs a careful inversion of the involved fractional operators.

5. Blow-up phenomena of the system (1.1) with pressure and viscosity

In this section, we consider the barotropic compressible damped Navier-Stokes-Poisson equations
with non-local interaction forces:

Bip+ Oulpu) =0,  (t,x) € Ry x Q(b), (5.1a)
B (pu) + 0x(pu®) + 0up(p) — 0u(p(p)Byut) = —pu — (AW x p)p, (5.1b)

where W (z) = —|z| + 12, subject to initial density and velocity
(p(t, )u(t,-))lt=0 = (po, uo)- (5.2)

Here the pressure law p and the viscosity coefficient p are given by p(p) = p7 and u(p) = p® with
v, > 1.

Note that the term p~'9,p is well-defined for the possible vacuum states p = 0 if v > 1. We also
notice that the pressure term in the system (5.1) can be formally derived from part of the potential
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term p(0,W % p) by localizing part of W near the origin. In this formal derivation, we obtain the
system (5.1) with v = 2.

For the investigation of the finite-time blow-up, we assume that there exists a smooth (p,u) €
C? x C3 solutions in R x [0,T*) to the system (5.1) emanating from the initial data (5.2) such that

> 105 po(ao)l > 195 po(bo)| | =0. (5.3)

0<k<2 0<k<2
By setting d = 0,u, we can easily verify that
p = _pda

. (5.4)
d= _d2 —d - am(p_lazp(p)) + aw(p_lam(ﬂ(p)axu)) + 2,0 - MO>
where ¢ denotes the material derivative of £. Then it follows from (5.1b) as in ' that
¢
> @ttt 3 hn@len(c Y [ Phutsaalds | 65)
0<k<2 0<k<2 1<k<3”0
We also notice that
Ou(p™10:p™) = (v = 2)p" > (02p)® + 70" 203p, (5.6)
and
Du(p™ 10, (u(p)0pu)) = p* r03u 4+ (200 — 1)p® 20, p02u + ap®20%pd,u (5.7)

+ oo — 2)p*3(9pp)*Opu.

Thus the right hand sides of the equalities (5.6) and (5.7) are bounded if v, € {2} U [3,00), and
D o<k<2 |0k p| and do1<k<3 |0k u| are bounded. Taking into account (5.5) and (5.3), we deduce

> 10kpo(a(t))] Y 105Dl | =0 for ¢e[0,T7).

0<k<2 0<k<2
Moreover it follows from (5.6) and (5.7) that
Oa(p™ " 0up)(t,y) =0 and  0x((p~ ' 0x(p(p)Buu))(t,y) =0,
either for y = a(t) or y = b(t) for all t € [0,T*). This implies from (5.4), that
either (d+ d*>+d+ My)(a(t)) =0 or (d+ d*>+d+ My)(b(t)) =0, (5.8)
for all t € [0, 7).

Theorem 5.1. Let (p,u) be a C?> x C* classical solution in R x [0, T*) to the system (5.1)-(5.2) with
v, € {2} U [3,00). Assume that either x = ag or x = by satisfies

—1—+/1—4M,
> 1okpo(x)| =0 and  do(x):=d(0) <d_ = fo
0<k<2
Then T* is finite. Furthermore, we have
1
T"< min ——.
- Ie{ao,bo} df — do(a?)
Proof. It follows from (5.8) that for 1 —4My > 0
14 1 — 40,

d=—(®+d+ M) =—(d—dy)(d—d_), where di=— 5
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If dy < d_, then
d<—(d—d_)® and d< —————+d_.

Since dg —d_ < 0, thus d(t,y) = 0yu(t,y) with y = a(t) or y = b(t) will blow up before the time T*
which satisfies

1
7" < min ——.
~ w€{ao,bo} d— — do(ﬂ?)

This completes the proof. O

Remark 5.1. Theorem 5.1 can be generalized to the case of compactly supported initial density
with possible vacuum regions pg = 0.

Appendix A. Existence and uniqueness of local-in-time classical solutions
In this section, we study the existence of local-in-time classical solutions to the system (2.1). We

prove the following theorem

Theorem Appendix A.l. Let s > 1. Suppose that (po,ug) € H*(Qo) x H*TH(Qg). Then for any
constants 0 < M < M there exists a Ty > 0, depending only on M and M, such that if |uol| gs+r <
M, then the system (2.1) has a unique solution (f,v) € C([0,To]; H*(Q0)) x C([0, To]; H5T(Q0))
satisfying

sup ||v(t, ) ||gst < M.
0<t<Tp

Proof. We approximate the solutions of system (2.1) by the sequence n™,v™ solving the integro-
differential system:

o™t (t,x) =v"(t,x), x€Qo, t>0, (A.1a)

Bt (t,x) =~ (ta) — | OW () — 0"t y))po(y) dy, (A.1b)
Qo

with the initial data and first iteration step defined by
(" (t,z),v" (t,x))|t=0 = (z,uo) forall n>1, z¢€Qy,
and
VOt ) =ug, (t,x) € Ry x Q.

To simplify the notation, from now on we drop the dependence on the spatial domain in the symbols
of functional spaces.
e Step 1. (Uniform bounds): We claim that there exists Ty > 0 such that

sup [|v™(t, )||gesr <M for neNU{0}.
0<t<T,

To prove this claim, we use an induction argument. In the first iteration step, we find that

sup [|0°(t, )| o1 = |Juol|gorr < M < M.
0<t<T

Let us assume that

0" € C([0,T); H*) and  sup [v™(t,-)|gerr < M,

0<t<T
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for some T > 0. Then we check that the linear approximations (n" !, v" 1) from the system (A.1) are
well-defined and they satisfy (n"*1, 0" 1) € C([0,T]; H**1)xC([0, T]; H*T1). We begin by estimating
n" L. It follows from (A.la) that

¢ ¢
"t z) = Jr/ v"(s,x)ds and Ofn"tl(t,x) = 0k, +/ kv (s, 2) ds,
0 0

for k > 1, where 0,1 denotes Kronecker delta, i.e., d;,1 = 1 if k = 1 and 0,1 = 0 otherwise. From
this expression, it is straightforward to get

t
o6, < €ISl + [ 075,12 ds < CIfl + T 100
0
and

™1 ) e < V1] 5k1+/ [0" (s, ) geds < V/[Q0[0k1 + T[0" (s, ) o

for some T > 0, where H* represents the homogeneous Sobolev space. This yields

sup ||t (t, )| ge < C(Qo) + TM =: Co.
0<t<T
Moreover, we find that there exists 77, such that 0 <7 < T and
t —_—
Qo™ (t,7) = 1+ / Dy v (s,x)ds > 1 — Ty M > 0.
0

For the estimate of ||v™||gs+1, we first notice that
sgn(n" " (t,x) — " (t,y)) = sgn(z —y) for te[0,T],

since n"T1(t, z) is uniquely well-defined, i.e., there are no crossing between trajectories. This enables
us to rewrite (A.1b) as

(1, ) = o™ (b ) + / sgn(@ — y)poly) dy — ™+ (t, 2) Mo + / 7t y)poly) dy,
0 0

and further, solving the above ODE we get

x t
vt ) = ug(w)e + (1 -7 (2/ po(y) dy — Mo) - Mo/ ey (s, 2) ds
ao 0

. (A.2)
[ e s dy s,
0 Jo
For the spatial-derivative, we easily find
¢
Ok (t, ) = OFug(x)e™ +2(1 — e )0  po(x) — MO/ e~ =) gkt (s, 1) ds, (A.3)
0

for k > 1. Then, we obtain from (A.2) and (A.3) that

lo 4, )llze < e *lluoll e + Mo(1 — e=)y/[9%] + Mo / eI (s, )2 ds

+\/|Qo// e~ (s, y) po(y) dy ds

Qo
e uoll2 + (\/ Q20| Mo + MoCy + 01|QO|||P0||L°°) (1—e™)
= e ugllp2 + (Mo(C1 4 v/190]) + C11Q0lllpoll =) (1 —e™)

and

"t e < e lluoll g + @llpoll s + MoCr) (1 —e™*) for k=1,
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respectively. Thus we conclude
oLt Yo < e luollgess + a1 — ™), (A4)
where Cy > 0 is given by
Cy := Mo(C1 + v/|0]) + llpoll = C1 |92 + 2] pol|zz+ + MoCh.
The r.h.s. of (A.4):
B(t) = e luolless + Ca(1 — ),

is a decreasing function of time and h(0) = |Jug||gs+1 < M < M. This implies that we can choose
Ty small enough such that 0 < Ty < T; and

sup [0 (¢, )| e < M.
0<t<To

e Step 2. (Cauchy estimates): Set
nn+17n(ta 'T) = nn+l(ta .’L‘) - nn(ta Jf) and Un+1’n(ta Jf) = Un+1(t7 J?) - Un(ta .13)

Then we find that "1™ and v 1" satisfy
t
7’]n+1’n(t7.’L‘) — / Un,n—1(87x) ds
0
and
t t
"t (t x) = —MO/ e~ =gt (s 2) ds —|—/ / e~ =yt (s ) po(y) dy ds.
0 0 Jao

This yields

t
[ e, ) e < / o7 (s, )| = ds
0

and

t t
[0 (2, ) e < Mo/oe’(t’s)lln"“’"(sa~)||L2 ds + ||poHL°e\/\Qo|/Oe’(t’s)lln”“’"(sa')IILz ds

t
< (Mo + |lpoll o= v/ |90|)/ "t (s, )| 2 ds.
0

Introducing APt () == [ln™ 17 (¢, )| L2 + [[v™ 1" (¢, -)||2 and combining the above estimates, we
get

¢
n+1 n
ALt < C’/O Ay ,(s)ds for some C > 0.
This implies

—+1
I Y e+ o, e < 0
~ (n+1)!

for t < Tp. Thus, we find that (" (¢, x),v" (¢, z)) is a Cauchy sequence in C([0, Tp]; L?) x C([0, To]; L?).
e Step 3. (Regularity of limiting functions): It follows from Step 2 that there exist limit functions
1 and v such that

(™, v™) — (n,v) in  C([0,To); L?) x C([0, To]; L?).
Interpolating this with the uniform bound estimates in Step 1, we obtain

(™, v") = (n,v) in C([0,To]; H®) x C([0,To]; H®) as n — oo. (A.5)
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We now claim that (n,v) € C([0,To); H*™1) x C([0,To]; H*™). Note that we can easily check that
v € C([0, Tp]; H**L) implies n € C1([0,Tp]; H*T1) due to the above convergence and (A.la). Thus, it
suffices to show that v € C([0, To]; H*T1). It follows from Step 1 that there exists a weakly convergent
subsequence v™* — ¥ as k — oo, such that

1ot zren < Hminf o™ (1, )|, ¢ € [0, T,
—00

for some ¥ € L>(0,T; H**1). This together with (A.5) yields
o) =v(t) in H*T' foreach tc0,Ty].
Thus we have

sup ||v(t, )| gst < M.
0<t<Ty

We next show that
v € Cy([0, To]; H¥MY), e, v(t) —uv(ty) in H™ as t — tg, (A.6)

for tg € [0,Tp]. Without loss of generality, we may assume ¢ty = 0. Then we obtain from the weak
lower semi-continuity and (A.5) that

o[ o1 < liminf |[o(t)]| geta. (A7)
t—0+

Thus the weak continuity can be obtained from the strong convergence (A.5) and (A.7). Indeed, for
a sequence ti C [0,T] such that ¢, — 0 as k — oo, we have limy_,o0 ||v(tr) — uo||g= — 0 due to (A.5)
and |ug|| e+ < M.

On the other hand, it follows from (A.4) and the weak lower semi-continuity that

limsup [[o(t, )| o+ < oo (A8)
t—0+

Combining (A.7) and (A.8), we find
[0t ) ers+r = [lv(to, )
as t — to+, and this together with (A.6) implies

tggl+ [lo(t) —vol|ggs+1 =0 for ¢ € [0, Tp].

For the continuity from the left hand side, we use a change of variable t — Ty — t by taking into
account the time-reversed problem.
e Step 4. (Existence): In Step 3, we found

(n™,v") = (n,v) in C([0, To]; H*),

and this implies that the limit functions (5, v) are solutions to (1.3)-(2.1b) in the sense of distribu-
tions. In Step 3, we also proved that (n,v) € C([0, Tp]; H*T1) and

sup [[v(t,)[|gs+r < M.
0<t<Tp

Subsequently, we get

0£?£T0 xlenéo 0xn(t, z) > 0.

Finally, we use the expression for f in (2.1a) together with the above estimate of 9,1 to deduce
fec(o,To); H?).
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e Step 5. (Uniqueness): Let (f,v) and (f, ) be the two classical solutions constructed in the
previous steps corresponding to the same initial data (pg,ug). Set n and 7 the trajectories with
respect to v and v, respectively, i.e.,

om(t,z) =v(t,x) and Of(t,z) =0(t,z) for (t,z) € [0,To] x Qo.
Then similarly as in Step 2 we get

¢
[o(t, ) —o(t, )2 < C/O [o(s, ) —o(s, )l L2
This yields
v="0 in C([0,Tp]; L?).

Furthermore, we can easily check v = @ in C([0, Tp]; H*T!) by using the similar argument as before,
in Step 3. In particular, this concludes

Oun(t,z) = 0,7(t,z) in CH[0,Tp); H).

Hence, we obtain

_ _pol®)  _ polm) & , By
f(t’x) - 317(7)(t7x) - &ﬂ?(tﬁr) _f(tvx) m C([OvTO]vH ) O

Remark Appendix A.1l. It follows from Theorem Appendix A.1 that
(f,0) € (CH(10, T B (0, Tyl ) x (€110, T} H) N C([0, Tul: H**))
for s > 1, due to the structure of the system (2.1). In particular, if s = 2, then we have
(£,v) € (€110, T C(20)) N ([0, Tyl () x (€1(10,T1: €' () N ([0, Tol: C*()))
Using the regularity for v, we get

n' =veC(0,Tp];C*(N)), ie, neC([0,Tp];C*()). (A.9)
On the other hand, by expanding the interaction term in (2.1b), we find
V= o= Mo+ [ ape)de+ (1) [ pola)un(o) do (A.10)
Qo QO
due to
d

G | ntom e = [ py(yuofe) do.
dt Qo Qo
This and together with the regularity for n and v yields
v € CH([0, To}; C*(Q)),
and again use the above regularity, (A.9), and (A.10) to obtain
RS C2([0,T0] X QQ)
For the regularity of f, we easily find that

f = %0’[7 S Cl([O,To] X QO),

since
po €CHQ) and 9. € CH([0,To] x Qo).
Hence if we assume (po,ug) € H?(Q0) x H3(p), we have the unique local-in-time C! x C2-solution

(f,v) for the system (2.1).

By using this local-in-time existence and uniqueness results, it is trivial to construct classical
solutions to the problem (1.1) in the sense given in the introduction up to a maximal time interval
T > 0 by the standard procedure of continuing the solutions as long as the bounds are satisfied.
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