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1. Introduction

It is generic phenomena that solutions of homogeneous systems of quasi-linear hyperbolic conser-
vation laws break down after a finite elapse of time. A balance is often attained with the presence of
various sources S[U],

Ut + Vi - F(U) = S[U],

in which F(U) is the flux and the source S[U] may prevent finite time breakdown from happening if
initial configuration is above certain threshold, see [4] for the notion of critical thresholds.

Our main point of interest in this paper is to investigate the critical threshold phenomena asso-
ciated with hyperbolic relaxation systems. Such a study enables us to gain a global picture on both
global in time regularity and the finite time breakdown within one framework.

To be specific, we consider a relaxation system of the form

Ve —uxy=0, (1.1)
U +pWV)x = %(ue(v)—u), (1.2)

t >0, x € R, subject to bounded and differentiable initial data
(v, u)(x,0) = (vo, up)(®), x€R, (1.3)

where v and u are scalars, ue(v) is the equilibrium flux, p(v) is the pressure, and T > 0 is a relaxation
parameter. This system is an important example of a class of 2 x 2 hyperbolic relaxation systems.
From now on we impose the following basic assumption.

Assumption 1. For all v under consideration it holds:

e p'(v) <0 and p’(v) > 0;
o the subcharacteristic condition

M) < —up(v) < A2(v), (1.4)

where A; are eigenvalues of system (1.1), (1.2)
M=—ky=—y/=p'(V). (1.5)

The assumption p’(v) < 0 ensures the strict hyperbolicity of the system, and p”(v) > 0 implies
that both characteristic fields are genuinely nonlinear.

It is known that the subcharacteristic type condition (1.4) is necessary even for linear stability as
evidenced by Whitham’s work [30]. The subcharacteristic condition for a class of 2 x 2 relaxation
systems is coined in [25] for nonlinear stability of shock waves. There have been studies on stability
structure conditions for more general relaxation systems [1,32] as well as relaxation methods for con-
structing weak solutions for conservation laws [8,9,27]. Particularly there has appeared a remarkable
development of the stability theory for various relaxation systems in past decades, see, e.g., [7,12,13,
19-21,25,31,33-35], all relying on certain dissipative stability conditions and smallness restriction on
initial perturbations.

The classical stability analysis often gives only the solution behavior near some special wave pat-
terns, however, it does not tell us what large perturbations are allowed before losing stability. Recently
there have been some research activities geared towards understanding the fully nonlinear dynamics
of the systems via a new notion of critical threshold (CT), which serves to describe the conditional
stability for underlying physical problems. It is shown that the CT phenomena does reflect the delicate
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balance among various forcing mechanisms. These include CTs for Euler-Poisson systems [4,23,29], ro-
tating shallow water equations [2,24], restricted Euler equations [22] as well as nonlocal dissipative
and dispersive models [5,16-18], among others. Many of the ideas can be traced back to the work [4]
by Engelberg, Liu and Tadmor.

Along this direction in [14,15], we obtained both large time regularity and finite time breakdown
for a specific traffic flow model—a 2 x 2 hyperbolic relaxation system. We took advantage of a special
feature of the underlying traffic model, namely, the flux p(v) is related to the equilibrium velocity
ue(v) in a specific way [14,15]. This special feature enabled us to decouple slope dynamics of the
Riemann invariants and track the dynamics of the whole system effectively.

In this work we consider a more general 2 x 2 relaxation system (1.1), (1.2). We are still concerned
with both global in time regularity and finite-time singularity in solutions by identifying proper
threshold conditions. The thresholds are represented in terms of the initial slopes of the Riemann
invariants and the initial density.

To present our main results, we now introduce the following notations:

= (=p' W) (e F V=P W)vy) (1.6)

and choose a fixed v* such that the following quantities

+ ._Lf( ué(s))_/ a4, 2 ( U’e(V)>_, 5/4
GH(v):= 2 HE«/W (=p'(s)) " ds W 1ﬂ:m (=p'(n) (1.7)

are well defined.
The main result of this paper can be stated as follows.

Theorem 1.1. Consider the relaxation system (1.1), (1.2) subject to C' bounded initial data (vg, ug)(x). Under
Assumption 1, there exist C; < Cy, depending only on initial data (v, ug), such that

C1(uo, vo) < v(x,t) < Ca(uo, vo), VXeR,
or t > 0 as long as the C! solution exists. Furthermore:
g

(i) If for at least one point x € R either

vo(X)
1 Uy (s) 1/4 .
+(x,0) < —— 1— — \(—p d f Gt
m(x,0) < 77 ( *_p/(s))( p'(s) S+VE[ICI},C2] ()
v*
or
1 vo () /()

_ Uy (s 1/4 . _
0) < —— 1+ — ) (—p ds+ inf G
X0 < -5 /( Tﬂ(s)>( p'(s)) ds seif CTW)

V*

holds, then the solution must develop a finite-time singularity where either r™ or r~ goes to —oo.
(ii) In addition to Assumption 1, if the amplitude of initial data (ug, vo) is such that

. K;/Z(V) / 1 7 / -1/2
ve[lcr}fcz]( ) (Az(V)iue(V))> > Z/(/\z(S) Fuy(s))r, “(s)ds, (1.8)

G
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then the solution remains smooth for all time, provided that for all x € R it holds

Vo (X)
P (x,0) > — /( u(s))>(—p’(s))1/4ds+ sup  GE(v). (19)

ve[Cq,Ca]

Remark 1.1. (i) The thresholds depend only on the relative size of initial configuration and their slopes.
Our result goes beyond the scope of classical stability analysis.

(ii) Note that both upper and lower thresholds stated in the theorem are independent of choice
of v*.

(iii) Under condition (1.8), the lower thresholds on the right-hand side of (1.9) are negative, see
Remark 2.1. Thus global smooth solutions exist for some initial data with negative Riemann invariant
slopes. Furthermore, the magnitudes of the negative slopes are proportional to % which are not nec-
essarily small. These are in sharp contrast to the generic breakdown in the homogeneous hyperbolic
systems [11].

(iv) The condition (1.8) actually requires that the subcharacteristic condition (1.4) is satisfied
strictly, i.e., A1(v) < —uy(v) < Aa(V).

Taking u.(v) =0 in the relaxation system (1.1), (1.2), we obtain the isentropic Euler system with
damping:

Ve —uUy=0, (1.10)

1
u[—i—p(v)xz—?u, (1.11)

t>0,xeR.

This system has been studied previously by many authors, e.g., [3,6,28]. Theorem 1.1 yields the
critical threshold conditions for (1.10), (1.11). This and other example applications will be presented in
Section 5.

Finally we turn to the semi-linear case [9], p(v) = —a?V, « > 0, in the relaxation system (1.1),
(1.2),
Ve — Uy =0, (112)
2 1
U — o?vy = ;(ue(v)—u), (113)
t>0,xeR.

The subcharacteristic condition (1.4) thus reduces to
—a < —u,(v) <«, (1.14)

for v in question. Convergence to equilibrium of this semi-linear system was studied in [26]. Theo-
rem 1.1 does not apply directly since in the proof genuine nonlinearity is essentially used. But formally
we see that in this case G* = —co. The solution may not experience any singularity in a finite elapse
of time.

In fact, we prove the following result in Section 4.

Theorem 1.2. Consider the semi-linear relaxation system (1.12), (1.13) subject to C! bounded initial data
(vo, ug)(x). Under the subcharacteristic assumption (1.14), the Cauchy problem (1.12), (1.13), (1.3) has a unique
C1 solution for all time t > 0.
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We now conclude this section by outlining the rest of this paper. In Section 2 we show the L*®
bounds for solutions of system (1.1), (1.2), which are essential for estimating the slope dynamics.
We then derive a dynamic system for two nonlinear quantities involving solution derivatives and
state the critical threshold results. In Section 3, we establish both lower and upper thresholds for a
model ordinary differential equation, which when applied to the derived slope dynamics leads to the
claimed threshold result. Global smoothness result for semi-linear system (1.12), (1.13) is presented
in Section 4. We then apply Theorem 1.1 to obtain critical threshold results for the isentropic Euler
system with damping (1.10), (1.11) and to relaxation system (1.1), (1.2) with some specific choices of
the pressure and the equilibrium function in Section 5. Concluding remarks are provided in Section 6.
2. Reformulation of the problem

We introduce Riemann invariants of system (1.1), (1.2)
v
Rt=u Fm(v), m(v):= f v —=p'(s)ds, (2.1)
V*

where v* > 0 is a fixed number, which map (u, v) to (R—, R"), and vice versa by
1
u=_(R"+R"), v=m—1(—(R— —R+)>. (2.2)
Riemann invariants thus satisfy

R + MRy = %(ue(v) —u), (2.3)
R} + 2R} = %(ue(v) —u), (2.4)

t >0, x € R, subject to the corresponding initial data
R*(x,0) = Roi(x) =uo(x) Fm(vo(x)), xeR. (2.5)

Through this reformulated system, the existence of a uniform invariant region for the relaxation sys-
tem (1.1), (1.2) is ensured by the subcharacteristic condition (1.4), as shown in [10].

Lemma 2.1. Consider the relaxation system (1.1), (1.2) subject to data (1.3). Let v1 < v3, and Rii(v, u) be
respectively level curves of R* through the equilibrium point (vi, ue(vi)), i = 1, 2. If the subcharacteristic
condition (1.4) holds, then for any v € [vq, v3], the equilibrium curve u = u.(v) lies in the domain enclosed

by the level curves RE (v, u) = Rii,

Again due to the subcharacteristic condition (1.4), the equilibrium curve u = u.(v) can be ex-
pressed as

RT=o(R7),

where @ is a monotone function determined from

Rt +R- (R —R*
—_— =1Uu m _— .
2 ¢ 2
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Theorem 2.1. Consider the relaxation system (1.1), (1.2) subject to data (1.3). Under Assumption 1, we have:

(i) If the initial data (1.3) lie on equilibrium curve, i.e., ug = u.(vo), then maximum principle holds for Rie-
mann invariants, i.e.,

inf RE(x) < R*(x, ) <supRT(x). (2.6)
xeR xeR

(ii) For general initial data (1.3), the Riemann invariants are bounded by
s - ~1( iof pt < R— < - -1 +
mm{;gﬂf{RO x), ® (QQDQRO (x))} <R (x,t) < max{igﬂgRo x), ® (ile_l]g Ry (x)) } (2.7)

min{xigﬂg RE(x), @ (Xngﬂg Ra(x)> } <RY( 1) < max{sup RE(), @ (i‘;ﬂ% Rg(x)) } (2.8)

xeR
Proof. (i) From Lemma 2.1 it follows that the region enclosed by the level curves R* (v, u) = R,.i is
an invariant region, leading to the stated maximum principle.

(ii) If the initial data do not lie on the equilibrium curve u = u.(v), we extend the domain to a
larger domain so that

RE = min{ inf RE (x), @1 ( inf Roﬂx))], RE = max{sup RER), 0! <sup R;jr(x))].
xeR xeR xeR xeR

This is then reduced to case (i). O

Theorem 2.1 gives a precise estimate of the lower and upper bounds for both u and v. The bounds
for v,

C1(uo, vo) < v(x,t) < Ca(uo, Vo),

are needed in expressing the threshold curves in terms of some functions of v € I, where the interval
I is determined by the initial data with

I'=[C1(uo, vo), C2(ug, vo)]. (2.9)

where
1
Ci(up, vo) =m™’ (i(mi“{ inf (up +m(v0) (0, @~ inf (uo —m(v0)) ()}

- max{sup(uo —m(vg))(x), P (Sup(uo + m(Vo))(X)> })>,

xeR xeR

1
Ca(ug, vo) =m™! (5 (max{sup(uo —m(vg))(x), P (sup(uo + m(vo))(x)) }

xeR xeR
— 1 1 _1 1 —
mm{xlgﬂg(uo +m(vo))(x), ® (;gﬂg(uo m(Vo))(X)) }))
We now estimate the derivatives of the solution through

= (—p' W) RE = (~p' W) ux F VP W)v). (2.10)

It is clear that the boundedness of (uy, vx) is equivalent to the boundedness of r* for v € I.
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In order to estimate the quantities r®

a= %p”(v)(—p/(v))’”“
and
w =, (v)/A2(V).
Assumption 1 implies that for all v e I
0< ivrga(\/) <a(v) < SvlélIDa(V), lw| < 1.

We further set

_lﬂ:w
21

b:l:

v
1
e f(l Fw)(—p') 4 ds,
V*

which satisfy
b*>0, g=<o.
Lemma 2.2. The dynamic systems for r+, defined in (2.10), are
(O + 1)~ —g ) +a()’ +b717 =0,
(O + 2200 (" — g5 +a(™)? + bt =0,
xeR, t>0.

Proof. Set s* = Rf, and differentiate (2.3) and (2.4) w.r.t. x, respectively, to have

1
S{ FASE + A VxS = (;(ue(V)—u)> ,

X

1
S+ Aasy + Ao pvasT = (;(ue(V) - u)) ,

X

t>0,xeR.

Here and in what follows A, denotes the partial differentiation of A in terms of v.

Let
1 1
2H( 2) 2D( 1)

Differentiate v along the first characteristic curve x| (t) = A to have

(R7)' = (RY)  (Ga2—2DR{
2my, - 20 -

B + 1)V =v' = sT.

Similarly, we have (3; 4+ A23x)v =s~. Using again m(v) = (R~ — R*)/2 we obtain

)kl,v

2m,

AMoyVyx = (s~ =sH) =hy(st —s7).

39

, we first derive a dynamic system for them. We define

(2.11)

(2.12)

(213)

(2.14)
(2.15)

(2.16)

(217)
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This and (2.17) lead to
MyVx=hyv —hys” =h —hys™.

Using (2.12), we have

(%(ue(v) — u)) = _121— We_ ! ;Wer. (2.18)

Substitution of these into the above equation for s~ yields

-14+w _ 1—|—WJr
ST — sT.
2T 2T

(7)Y +hs" —h,(s7)’=

From (2.10), we see that r— = s—el". This together with (2.17) gives

Y —hye "2 =—br — 1+w Wehy,
27

where b~ is defined in (2.13).
From the definition of g~ in (2.13) and el = /g = (—=p'(v)/4, we see that the last term is
nothing but (g7)’. Also we have

)—5/4

1
—hve™ = 2p"W)(=p'm) " =a>0,

as defined in (2.11). Thus we derived Eq. (2.14).
Similarly, we derive Eq. (2.15).
Lemma 2.2 is thus proved. O

The decoupled dynamics for r* enables us to identify both upper and lower thresholds for the
reformulated system. The thresholds for the ordinary differential equations are given in next section
in Lemma 3.1. We now proceed to state the threshold conditions for r* to be derived from applying
Lemma 3.1 to system (2.14), (2.15).

Theorem 2.2. (i) If at least at one point x € R, either

+
rt(x,0) < g (vo®) + ivlg<_ gtw) - b (v))

a(v)

or

.
(%, 0) < g~ (vo(x)) + yelg(—g‘(v) -2 ((VV)))

holds, the solution of system (2.14), (2.15) must develop singularity at a finite time.

(i) If

b:t
inf(—) >supgt(v) — inggi(v), (2.19)
ve

vel\ a vel
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then the solution of system (2.14), (2.15) remains smooth for all time, provided for all x e R

+ + + bE(v)
= (x,0) = g* (vo®) + sup(—g (v) — ) (2.20)
vel a(v)

Our main result stated in Theorem 1.1 is a straightforward consequence of Theorem 2.2.

Remark 2.1. We remark that the right-hand side of (2.20) is negative. Indeed, we derive from (2.13)
that

bE(v) b*(v)
+ oty + ot _
g (VO(X))‘FSVlélID( g () ) ><g (VO(X))'FSVlil?( g (V))+svtélla( a(v))
+
<supgt(v) — inf gt (v) — inf b*(v)
vel vel vel a(v)
<0,

where the last inequality holds due to condition (2.19).

3. Akey lemma

Along each characteristic field, the two Egs. (2.14), (2.15) for r* are ordinary differential equations
of the same form

d
E(r—g)—i—arz—i—brzo, r(0) =10,
which can be written as
d
aA +at)(A—bi(t))(A—b2(t)) =0, A(0) = Ao, (3.1)
with both a > 0 and b; < by being uniformly bounded for all time.

Lemma 3.1. Consider Eq. (3.1) for A with infa > 0, by < by and that a, by, by are uniformly bounded. We
have:

i) If Ag < minb1, then solution to (3.1) will experience a finite time blow-up at 0 < t, <t* < 400
(1) If Ao 1 D p

lim A(t) = —oo,
t—ty

where t* satisfies

[*
1 min by — minbq
= ] 1+ —
/a(s)ds minb; — minbq n( + minb; — Ag >
0

which equals to if minb, = minb.

1
min bzfA()_
(ii) If there exists a constant b such that

b1(t) <b < by (),
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then (3.1) admits a unique global bounded solution satisfying
b < A(t) < max{Ag, maxb,},
provided Ag > b.

Proof. Set 7 = fota(s) ds, which maps t € [0, 00) to T € [0,00) with co = [;~a(s)ds. Then Eq. (3.1)
reduces to

%A +(A=b1)(A—by)=0, A(0)=Ao.

It is easy to see that A < max{Ag, max < b,}.
(i) In order to prove the blow-up result, we consider the following auxiliary problem

%A*—i—(A* —minby)(A* —minby) =0, A*(0) = Ao,

which has only local solution up to t* if Ag < minb;, with

*

minb; — minbq
=— |1+ ————
minb; — minbq minb; — Ag

which equals to m if minb, = minb;.
Let B= A — A*, then it solves the following equation

d
EB+B(B+2A*—b1—b2)+C=O,

where

C

(A* —bq)(A* —b2) — (A* — minbq ) (A* — minby)

= (A* —minb;)(minby + minb, — by — by) + (b1 — minb1) (b2 — minby) > 0,

where by > minb; has been used.
These together lead to

d
EB + B(B+2A* — by — by) <0, B(0) =0.
Therefore
B(t) <0

for as long as the solution B exists.
It follows that the blow-up time t, of A is less than or equal to the blow-up time t* of A* since

A(t) < A*(7)

for as long as both solutions A and A* exist.
(ii) We now consider an auxiliary problem

4 ArA—b)A—B)=0, A0 = Ao,
dt
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which has a global bounded solution if Ao 25 and

Indeed, A satisfies
d o o [TEs)-bi(s)d
7(A7b)ef0( (s)=b1(s)) S—0
dt

which implies that
A=b+(Ag—b)e o AO-D1ds 5 f o o

provided that Ag > b.
Let B= A — A, then it solves the following equation

d _
SoB+B(B+2A b —by) +C =0,

where
C=(A—by)(b-by)<0.

These together lead to

d -
EB+B(B+2A—D1—IJ2)>0, B(0)=0.

Therefore
B(t) >0, Vr>0.
Hence if Ag > b we have
A>A>b,

where b serves as a lower threshold. This combined with the upper bound A < max{Aq, maxb,} leads
to the desired estimate. O

Applying this key lemma to Eqs. (2.14), (2.15) for r*, where

taking b = maxby, the desired threshold conditions stated in Theorem 2.2 follow immediately.
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4. Global smoothness in semi-linear relaxation system
Consider a semi-linear system
Vi — Uy =0, (41)
1
U — vy = ;(ue(v) —u), (4.2)

t >0, x € R, where o > 0. Assume the subcharacteristic condition (1.14).
The Riemann invariants are

R*=uzxav, (4.3)

which map (u, v) to (R~, RT), and vice versa by

u= (R 4R, v=o (R —RY). (49)
The Riemann invariants satisfy
Ry —aR; = %(ue(v) —u), (4.5)
R +aR} = %(ue(v) —u), (4.6)
t >0, x € R, subject to the corresponding initial data
RE(x,0) = R(f(x) =ug(X) Fave(x), xeR. 4.7)

The uniform boundedness of R* follows from an invariant region under the subcharacteristic condi-
tion.
Set s* = in, and differentiate (4.5) and (4.6) w.r.t. X, respectively, to have

—a +U2(V)S, o« —|—u/e(v)s+

s, —as, =
t X 2T 2to
strasf = 27 u’e(v)s_ _et u;(v)s+
t X 2T 2T ’
t>0,xeR.
Let
b_ot—u;(v) Qv+ Ue(V)
T 2ta 8= "9ra
A similar calculation as before gives
o+ uL(v)
o — oo =__¢ gt
(0 x) & Ta

Then the equation for s~ becomes

(0 —ady)(s™ +g) +bs™ =0.



T. Li, H. Liu / J. Differential Equations 247 (2009) 33-48 45

Along the first characteristic field xq(t) = x1(0) — «t, this is just a linear ODE with bounded b. The
solution s~ exists for all time and remains bounded. The same claim applies to s* too.
Thus we have proved

Proposition 4.1. Consider the semi-linear system (4.5), (4.6) subject to C! bounded initial data (Ry, Rar)(x).
Under the subcharacteristic assumption (1.14), there exist K1 < K3, depending only on initial data (R, Ra“)
such that

K1 < RT(x, ) <Ky, V(t,x)eRT xR.
Furthermore, the C1 solution remains smooth for all time t > 0.
5. Example applications

We now illustrate the critical thresholds stated in Theorem 1.1 for (1.1), (1.2) with some specific
choices of the pressure and the equilibrium function.

Example 1. p(v) =e ™Y, ue(v) =0. In this case we have
= (uxF e"’/zvx)e"’/4

and the subcharacteristic condition (1.4) is satisfied.
Substituting the pressure and the equilibrium function into (1.7) and taking v* =0, we have

GE(v)=2(1-2¢e""%)/z.
Now substituting the pressure and the equilibrium function into (1.8), we derive
0 < Vimax — Vmin <41n2.

Here and in what follows viax and v, denote the global bounds for v(x,t) as identified by C, and
C1 in (2.9), depending only on the amplitude of initial data (vg, ug)(x).

Corollary 5.1. Consider the damping system (1.10), (1.11) with p(v) = e™", subject to C! bounded initial
data (1.3).

(i) If for at least one point x € R either of

YoM —Vmin
7

2
UgxFe " %vg, < =(1—-2e
T

)

holds, then the solution must develop a finite-time singularity when either uy or vy becomes unbounded.
(ii) Assume that O < Vmax — Vmin < 41n2, the solution remains smooth for all time, provided for all x € R it
holds

2 v (*)—Vmax
uox Fe " ?vox > =(1-2e _— )-
' T
Example 2. p(v) = %V_V and u.(v) = ﬁ\,(V—U/Z where y > 3. In this case we have
+1 +1
r = (ux F V’VTVX)V’VT

and the subcharacteristic condition (1.4) is satisfied.
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Substituting the pressure and the equilibrium function into (1.7) and taking v* =1, we have

GT(v)=

i ]/—2 v¥_ 1 G_(V):iévy%—i
TE=-Yy+D T3-y) TE-Y)+D T3-y)

Now substituting the pressure and the equilibrium function into (1.8), we derive

1<Vm3x<(4_y>4/‘“>7
Vmin 3(y +1)

where the right-hand side is greater than one when y > 3. In the case 1 < y <3 a similar but
different condition can be derived from the additional assumption (1.8).

Corollary 5.2. Consider the relaxation system (1.1), (1.2) with p(v) = %V‘V and ue(v) = ﬁv(l"”/z for
y > 3, subject to C! bounded initial data (1.3).

(i) If for at least one point x € R either

Uo,x

a2y Vo®) () A = 2) ( Vimin G-7)/4
0 X T()/ _ 3) y I 1 V()(x)

or

3-y)/4
Up A+ o2, vo(x) 1 4y Vimin B=y)/
0,x 0 0,x T()/ — 3) vt 1 VO(X)

holds, then the solution must develop a finite-time singularity when either uy or vy becomes unbounded.
(ii) Assume that

1< Vmax < < 4y >4/()/—3)’
Vmin 3(y+1)

the solution remains smooth for all time, provided for all x € R it holds

oo =02, Vo) (L 4y —2) ( Vmax G
o 7Ty -3 y+1 \vo®

and

B-y)/4
—(y+1)/2 Vo (x) 4y [ Vmax
u v Vox = 1— .
0x+ Vo 07 Ty —3) Y +1\vo®)

6. Concluding remarks

We proved global in time regularity and finite-time singularity formation of solutions simultane-
ously by showing the critical threshold phenomena for p-system with relaxation. In particular, we
identified lower thresholds for finite-time singularity in solutions and upper thresholds for the global
existence of the smooth solutions. The thresholds are represented in terms of the initial slopes of
the Riemann invariants and the initial density, see (1.6). Our results are distinct from previous global
stability results for 2 x 2 hyperbolic relaxation systems. The identified thresholds depend only on the
relative size of initial data and their slopes.
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We then discussed applications of Theorem 1.1 to relaxation system (1.1), (1.2) with some specific
choices of the pressure and the equilibrium function. In particular, we obtained threshold conditions
for the isentropic Euler system with damping (1.10), (1.11). Global smoothness for semi-linear system
(1.12), (1.13) is also presented.

We hope that our result is proven helpful for understanding nonlinear dynamics in more general
systems of quasi-linear hyperbolic conservation laws with sources, which will be one of our future
research subjects.

Acknowledgment

Liu's research was partially supported by the National Science Foundation under the Kinetic FRG
Grant DMS07-57227.

References

[1] G.-Q. Chen, C.D. Levermore, T.P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure
Appl. Math. 47 (1994) 787-830.
[2] B. Cheng, E. Tadmor, Long time existence of smooth solutions for the rapidly rotating shallow-water and Euler equations,
SIAM ]. Math. Anal. 39 (2008) 1668-1685.
[3] P. Constantine, M. Dafermos, R. Pan, Global BV solutions for the p-system with frictional damping, submitted for publica-
tion, 2006.
[4] S. Engelberg, H.L. Liu, E. Tadmor, Critical thresholds in Euler-Poisson equations, Indiana Univ. Math. ]J. 50 (2001) 109-157.
[5] M.D. Francesco, K. Fellner, H.L. Liu, A non-local conservation law with nonlinear radiation inhomogeneity, J. Hyperbolic
Differ. Equ. 5 (2008) 1-23.
[6] L. Hsiao, T.P. Liu, Convergence to nonlinear diffusion waves for solutions of a system of hyperbolic conservation laws with
damping, Comm. Math. Phys. 143 (1992) 599-605.
[7] B. Hanouzet, R. Natalini, Global existence of smooth solutions for partially dissipative hyperbolic systems with a convex
entropy, Arch. Ration. Mech. Anal. 169 (2003) 89-117.
[8] M.A. Katsoulakis, A.E. Tzavaras, Contractive relaxation systems and the scalar multidimensional conservation law, Comm.
Partial Differential Equations 22 (1997) 195-233.
[9] S. Jin, Z.-P. Xin, The relaxing schemes for systems of conservation laws in arbitrary space dimensions, Comm. Pure Appl.
Math. 48 (1995) 235-276.
[10] C. Lattanzio, P. Marcati, The zero relaxation limit for 2 x 2 hyperbolic systems, Nonlinear Anal. 38 (1999) 375-389.
[11] P.D. Lax, Development of singularities of solutions of nonlinear hyperbolic partial differential equations, J. Math. Phys. 5
(1964) 611-613.
[12] T. Li, Stability of traveling waves in quasi-linear hyperbolic systems with relaxation and diffusion, SIAM ]. Math. Anal. 40
(2008) 1058-1075.
[13] T. Li, H.L. Liu, Stability of a traffic flow model with nonconvex relaxation, Commun. Math. Sci. 3 (2005) 101-118.
[14] T. Li, H.L. Liu, Critical thresholds in a relaxation model for traffic flows, Indiana Univ. Math. J. 57 (2008) 1409-1431.
[15] T. Li, H.L. Liu, Critical thresholds in a relaxation system with resonance of characteristic speeds, Discrete Contin. Dyn. Syst.
Ser. A 24 (2009) 511-521.
[16] H.L. Liu, Wave breaking in a class of nonlocal dispersive wave equations, J. Nonlinear Math. Phys. 13 (2006) 441-466.
[17] H.L. Liu, Critical thresholds in the semiclassical limit of 2-D rotational Schrédinger equations, Z. Angew. Math. Phys. 57
(2006) 42-58.
[18] H.L. Liu, E. Tadmor, Critical thresholds in a convolution model for nonlinear conservation laws, SIAM J. Math. Anal. 33
(2002) 930-945.
[19] H.L. Liu, Asymptotic stability of relaxation shock profiles for hyperbolic conservation laws, J. Differential Equations 192
(2003) 285-307.
[20] H.L. Liu, Relaxation dynamics, scaling limits and convergence of relaxation schemes, in: Analysis and Numerics for Conser-
vation Laws, Springer, Berlin, 2005, pp. 453-478.
[21] H.L. Liu, J. Wang, T. Yang, Stability for a relaxation model with nonconvex flux, SIAM ]. Math. Anal. 29 (1998) 18-29.
[22] H.L. Liu, E. Tadmor, Spectral dynamics of velocity gradient field in restricted flows, Comm. Math. Phys. 228 (2002) 435-466.
[23] H.L. Liu, E. Tadmor, Critical thresholds in 2D restricted Euler-Poisson equations, SIAM ]. Appl. Math. 63 (2003) 1889-1910.
[24] H.L. Liu, E. Tadmor, Rotation prevents finite time breakdown, Phys. D 188 (2004) 262-276.
[25] T.P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys. 108 (1987) 153-175.
[26] R. Natalini, Convergence to equilibrium for the relaxation approximations of conservation laws, Comm. Pure Appl. Math. 49
(1996) 795-823.
[27] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, J. Differen-
tial Equations 148 (1998) 292-317.
[28] T. Nishida, Nonlinear hyperbolic equations and related topics in fluid dynamics, in: T. Nishida (Ed.), Publ. Math. D’Orsay
78.02, Dept. de Math., Paris-sud, 1978, pp. 46-53.
[29] E. Tadmor, D. Wei, On the global regularity of sub-critical Euler-Poisson equations with pressure, J. Eur. Math. Soc.
(JEMS) 10 (2008) 757-769.



48 T. Li, H. Liu / ]. Differential Equations 247 (2009) 33-48

[30] G.B. Whitham, Linear and Nonlinear Waves, Wiley, New York, 1974.

[31] T. Yang, C.-]. Zhu, Existence and non-existence of global smooth solutions for p-system with relaxation, J. Differential
Equations 161 (2000) 321-336.

[32] W.-A. Yong, Basic aspects of hyperbolic relaxation systems, in: Advances in the Theory of Shock Waves, Birkhduser Boston,
Boston, MA, 2001, pp. 259-305.

[33] C.-J. Zhu, Asymptotic behavior of solutions for p-system with relaxation, J. Differential Equations 180 (2002) 273-306.

[34] C. Mascia, K. Zumbrun, Stability of large-amplitude shock profiles of general relaxation systems, SIAM ]. Math. Anal. 37
(2005) 889-913.

[35] Y. Zeng, Gas dynamics in thermal nonequilibrium and general hyperbolic systems with relaxation, Arch. Ration. Mech.
Anal. 150 (1999) 225-279.



	Critical thresholds in hyperbolic relaxation systems
	Introduction
	Reformulation of the problem
	A key lemma
	Global smoothness in semi-linear relaxation system
	Example applications
	Concluding remarks
	Acknowledgment
	References


