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1 Introduction
The simulation of rotating cavities flows is a major issue in computational fluid
dynamics and engineering applications such as disk drives used for digital disk storage in computers, automotive disk brakes, and especially in turbomachinery (see a
review in [8]).
Centrifugal and Coriolis forces produce a secondary flow in the meridian plane
composed of two thin boundary-layers along the disks separated by a non-viscous
geostrophic core where the axial gradient of pressure nearly equilibrates the Coriolis force. That produces adjacent coupled flow regions that are radically different
in terms of the flow properties and the thickness scales involving very challenging
simulations. Very thin non-parallel boundary layers governing the flow stability develop along the stationary and the rotating disks, called thereinafter Bödewadt and
Ekman layer, respectively.
As a consequence, besides its primary concern to industrial applications, the rotating disks problem has also proved a fruitful means of investigating transition to
turbulence and the effects of mean flow three-dimensionality on the turbulence and
its structure [6, 11]. Indeed, these boundary layers are three-dimensional from their
inception and constitute one of the few non-trivial three-dimensional cases whose
Navier-Stokes solutions exist.
Linear stability analysis has revealed that such boundary layer is subject to two
generic types of instability. An inviscid instability, due to the inflectional nature of
the velocity profile, is labeled type I, whereas type II is due to the combined action
of viscous and Coriolis effects (see the review by [2]). The matter of the transition
scenario is currently much debated around the idea that a global instability might
take place and lead to transition to turbulence. A new light on the problem was
given by Lingwood’s discovery [5] that such boundary layer underwent transition
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from convective to absolute behavior at a local Reynolds number (dimensionless
radius, r/δ , δ = (ν /Ω )1/2 )) (507) close to the onset of turbulence (513). But to
this day, if further studies have confirmed these local linear stability results, no general agreement exists concerning their outcome in terms of global behavior. Pier’s
theoretical work [9], showing the possible existence of a global nonlinear elephant
mode, together with Davies and Carpenter’s numerical results [3], demonstrating
linear global stability, would imply a subcritical global bifurcation, which has been
demonstrated in [14]. This behavior would then be the outcome of the competition
between the stabilizing non-parallel effects, and the destabilizing nonlinear ones,
so that both have to be taken into account. This is done here, where DNS is used
to investigate the impulse response of the boundary layer encountered in a rotating
disk configuration with radial throughflow.
Simulation of turbulent rotating cavities flows remains a challenge. Due to the
skewing of the boundary layers [11], Reynolds stresses are not aligned with the
mean flow vector that invalidates eddy-viscosity models. Besides, such models
clearly fail to predict turbulent flow by delaying the transition along the rotor.
Second moment closures provide a more appropriate level of modeling, but the
Reynolds stress behavior is not fully satisfactory, particularly near the rotating disk
(see a review in Launder et al. [4]). Moreover, the existence of persisting largescale 3D precessing vortices at high Reynolds numbers requires strongly unsteady
computations. As a consequence, LES seems to be right level of modeling. Nevertheless, the literature on the topic is rare. Wu and Squires [15] performed the
first LES of the flow over a single rotating disk using dynamic and mixed dynamic
Smagorinsky models to analyze the mechanisms promoting sweeps and injections.
First computations treating the rotor-stator flow as unsteady were DNS of Lygren
and Andersson [7] and Serre et al. [10]. Finally, Anderson and Lygren [1] carried
out the first LES in a sector with periodic boundary conditions to reduce the costs.
The use of spectrally accurate numerical schemes adds a difficulty due to the fact
that spectral approximations are much less diffusive than low order ones, involving
an accumulation of the energy on the high spatial frequencies which finally leads to
the divergence of the computations. This is for all these reasons that we proposed
in our group an original approach based on the spectral vanishing viscosity (SVV),
first introduced by Tadmor [13] to stabilize resolution of hyperbolic equation. This
alternative LES formulation is proposed and incorporated into the Navier-Stokes
equations for controlling high-wavenumber oscillations [12]. Flow predictions at
Re = 106 are provided in a closed rotor-stator cavity in order to avoid difficulties
related to in-outflow conditions.

2 Modeling
We consider the flows within rotating cavities composed of two disks enclosing
an annular domain of radii a and b with b > a. The domain can be open (rotating
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cavity) with a forced radial flow imposed at r = a or eventually bounded by two coaxial cylinders of height 2h (rotor-stator cavity). The geometry is characterized by
an aspect ratio L = (b − a)/2h and a curvature parameter Rm = (b + a)/(b − a). For
the rotating cavity (L = 10, Rm = 5), both disks rotate at uniform angular velocity
Ω = Ω ez , ez being the unit vector on the axis while in the rotor-stator cavity (L = 5,
Rm = 1.8) one disk is at rest. These configurations are basic cavity elements of a
turbine engine.
The incompressible fluid motion is governed by the three-dimensional NavierStokes equations in primitive variables. The equations are made dimensionless by
considering h, Ω −1 and Ω b as length, time and velocity of reference. No-slip boundary conditions are applied at all walls so that all the near-wall regions were explicitly
computed. At the inflow of the rotating cavity velocity profiles are prescribed while
at the outflow a convective boundary condition is applied.
The temporal discretization adopted in this work is a projection scheme, based
on backwards differencing in time (see the details in [12]).
The solutions are searched as truncated series of Chebyshev polynomials of degree at most equal to Nr and Nz in the non-homogeneous radial and axial directions
(r, z) respectively and Fourier series in the 2π -periodic tangential direction of cut
off frequency Nθ /2. To perform LES, a well controlled diffusion has been incor-

Fig. 1 Plot of the viscosity kernel Q̂ together with
the spectral eddy-viscosity
of Kraichnan-Lesieur. Q̂ is
normalized by its maximum
value at ωN = N (= 42) for
two typical values of the
ωT = 0
threshold frequency
√
and ωT = N

porated in the Navier-Stokes equations. A new diffusion operator ΔSVV is simply
implemented by combining the classical diffusion and the new SVV terms to obtain:
νΔSVV ≡ νΔ + ∇. (εN QN ∇) = ν ∇.SN ∇
(1)
where ν is the diffusive coefficient and where:

εNi
 
SN = diag SNi i , SNi i = 1 + i QiNi
ν

(2)

with εNi i the maximum of viscosity and QiNi a 1D viscosity operator acting in direci (ω ) = 0,
tion i, and defined in the spectral space by an exponential function: Q
Ni
i (ω ) = exp(−(ω − ω i )2 /(ω − ω i )2 ) if ω i ≤ ω ≤ ω i ,
if 0 ≤ ω ≤ ωTi and Q
Ni
T
T
T
N
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where ωTi is the threshold after which the viscosity is applied and ωNi the highest frequency calculated in the direction i. An illustration of the viscosity kernel
in the spectral space together with the classical spectral eddy-viscosity kernel of
Kraichnan-Lesieur is presented in Figure 1. Such model is only active for the short
length scales and it has been shown that it keeps the spectral convergence (details in
[12]). It is noticeable that the SVV term is not scaled with Re that implied that for a
fixed grid and given SVV parameters, the SVV term may become larger relatively
to the classical diffusion term when increasing Reynolds number.

3 Results
3.1 Transition to turbulence
The breakdown to turbulence in a rotating disk boundary-layer is analyzed via direct
numerical simulation (DNS) in a sector (2π /4 or 2π /8 depending the mesh resolution) of an annular cavity with a forced inflow at the hub and free outflow at the rim.
The largest size of the mesh in the 1/4 cavity is 649 × 170 × 65 in radial, azimuthal
and axial directions that corresponds to a grid resolution of approximately ten and
six Kolmogorov length scales in the radial and axial directions, respectively. Our
objective here was to obtain a scenario of transition based on a cascade of absolute
instabilities as conjectured in Pier [9] from model equations.

Fig. 2 Transition to turbulence in the rotating disk
boundary layer showing a cascade of two global modes at
Re = 7 × 105 . Spatio-temporal
diagram (top-left), temporal
evolution of the energy of
the three main Fourier modes
(top-right) and iso-surface
of vertical component velocity (bottom). DNS results
with Nr = 649, Nz = 65 and
Nθ = 170.

The global Reynolds number has been set to Re = 7.105 , and the mass flow rate
to Cw (= Q/ν b) = 1995 which places the transition from convective to absolute instability in the first half of the cavity. Axisymmetric stationary base flow has been
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reached by damping convective axisymmetric modes of instability (see details in
[14]), generated by the inflow condition at each time-step. The nonlinear dynamics of the flow has been analyzed by superimposing an initial spatially localized
perturbation during a single time step at the beginning of the computations. The
perturbation velocity field corresponds to a Stokes flow over a hemispherical roughness located at the wall near the hub with an amplitude of 0.1% of the velocity
maxima. Figure 2 presents the nonlinear evolution of such an initial perturbation
with a 68-fold symmetry. The spatio-temporal diagram (Figure 2 (top-left)) shows
only the saturated front of the wave packet. Shortly after the saturation of the first
global instability, characterized by a trailing edge moving upstream and rapidly stabilizing close to r = 47, the saturated wave downstream of the trailing front starts
being perturbed with order-unity close to r = 51 at t = 3.5. Behind that secondary
front the state is disordered in time and space indicating incipient turbulence. Calculations eventually blow up at about t = 10 due to aliasing. Indeed, the resolution
of the mesh being approximately ten and six Kolmogorov length scales in the radial and axial directions respectively, the turbulent dissipation scale is not resolved.
Nevertheless, SVV computations can be run as long as wanted and confirm the limited in time DNS results. The associated spatial structure is shown by a horizontal
cut on Figure 2 (bottom) showing the clockwise spiral (rotating counterclockwise in
time) that saturates after the primary front at r = 47, developing secondary instability shortly before r = 51. At this secondary front, base flow modifications become of
order unity (Figure 2 (top-right)). Close to this secondary front the harmonic component m = 136 also become of the same amplitude compared to the primary rolls,
and higher harmonics start having a physically relevant amplitude. Finally, the associated turbulent kinetic energy in a vertical cut in Figure 3 confirms that non zero
values occur just downstream the radial location of the secondary front at r = 51.

Fig. 3 Turbulent kinetic energy in the meridian plane showing the breakdown to turbulence downstream the primary front. Only the upper half-cavity is shown.

This scenario relies on low incoming noise upstream of the primary front, and a
sufficiently strong impulsive perturbation as the first global bifurcation is known to
be subcritical. For the first time it confirms the possibility of a direct transition to
turbulence through an elephant cascade.
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3.2 Turbulence
A detailed picture of the turbulent flow structure is provided by high-order LES in
a closed rotor-stator cavity at Reynolds numbers Re = 106 . The largest size of the
mesh in the 1/2 cavity is 151 × 240 × 81 in radial, azimuthal and axial directions that
corresponds to a wall coordinate z+ ≈ 1 in
√both√layers.
√SVV parameters have been
set to εN = (1/N, 1/N, 1/N) and ωT = (2 N, 5 N, 4 N) in (r, θ , z) directions respectively. The results published in [11] show that the mean flow is still composed
of two boundary layers along the rotor and the stator separated by a geostrophic
core like in the laminar regime. The agreement with LDV measurements is very satisfactory for the first and the second-order order statistics as well. The entrainment
coefficient, K = v/Ω r at mid-radius, is equal to 0.38 compared to the experimental value K = 0.42. The prediction of this coefficient which is directly related to
the pressure gradient (Taylor-Proudman theorem) is crucial to the design of thrust
bearings. It emerges at this Reynolds number that the turbulence is mainly confined
in the wall boundary layers including the layers along both cylinders closing the
cavity, Figure 4. The stator boundary layer is fully turbulent. On the other hand, the
rotor layer becomes progressively turbulent from the outer radial locations although
the rotating hub is shown to destabilize the inner part of the boundary layers. The
max of k is located at the jet impingement of the flow coming from the rotor. The
turbulent flow is associated to quasi-axisymmetric coherent structures along the stator while in the transitional rotor-layer three-dimensional spiral arms can be still
observed.

Fig. 4 Isolines map of the
turbulent kinetic energy at
Re = 106 . LES-SVV results
for a grid Nr = 151, Nz = 81,
Nθ = 240 and δ t = 10− 5.

We have investigated the structural properties of the boundary layers along the
disks. In particular, the structural parameter a1 (the ratio of the magnitude of the
shear stress vector to twice the turbulence kinetic energy) as well as the mean velocity angle (γm = arctan(Vr /Vθ )) have been calculated. The truthfulness of the
alignment assumption between the shear stress vector and the mean velocity gradient vector made in subgrid scale models using an eddy viscosity has also been
checked. The mean velocity gradient angle (γg = arctan((∂rVr /∂ z)/(∂rVθ /∂ z))) as
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well as the turbulence shear stress angle (γτ = arctan((Vr Vz /Vθ Vz )) along the radius
of both disks have been evaluated. Results are summarized in the Table 1:
γm (deg) γτ − γg (deg) max(a1 )
rotor -0.5 / 16.5
0 / 94
0.058
stator -34 / 0
0 / 151
0.062
Table 1 Structural properties of the boundary layers along the rotor and the stator. Mean velocity
angle γm , mean velocity gradient angle γg and turbulence shear stress angle γτ as a function of the
radius. a1 is the Townsend parameter.

The strong depressed of a1 (with respect ot the value 0.015 in 2D boundary layer)
as well as the continuous change of γm with z show a skewing in the mean of the
turbulent boundary layer resulting from the shear induced by rotation. Moreover,
the low value of a1 indicate that turbulence here is much less efficient than in 2D
boundary layer to extract energy from the mean flow. Finally, results show that the
shear stress vector is not aligned with the mean velocity gradient in both layers. As a
consequence, turbulence models which rely on the assumption of an isotropic eddy
viscosity should face problems because the difference γτ − γg is large.

4 Concluding remarks
In rotating cavities, the mean flow driving force results from the interaction between
the rotation induced centrifugal forces and the viscosity dominated boundary layers that lead to numerical challenging investigations that might explain the limited
literature. High-order DNS and LES approaches have been presented concentrating
on preserving spectral accuracy. A scenario to turbulence through global secondary
instability has been obtained for the first time using DNS that confirms the possibility of a direct route through absolute instability provided a low incoming noise
upstream of the primary front. Our LES prediction confirms that rotation, curvature
and confinement lead to a very anisotropic and inhomogeneous turbulence. Such
results should encourage the LES community to increase its effort not only on the
SGS modeling but also in the use of higher-order schemes.
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